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Jddi noi dau 

Cdc em hoc sink than men ! 

Bifdrc sang the ki XXI, the ki cua sd “bung no” thong tin, da va 
dang mang lai cho chung ta nhufng kien thufc vo cung phong phu tren 
tat ca cdc llnh vifc khoa hpc td nhien cung nhd xa h<?i. Cung vdi sd doi 
mdi todn dien cua nganh giao due; noi dung chdcfng trinh doi mdi va 
edeh ki£m tra danh gia ket qua hoc tap cua hoc sinh da thay doi. 
Cuon sdeh: “Cdc bai todn dien hinh Hinh hgc 11” giup cdc em co 
mot von kien thufc eel ban dong thefi bao qudt todn bo chdcfng trinh; 
giai quyet mpt so khd khdn khi tiep can vdi noi dung doi mdi. 

Cuon sdeh chung toi bien soan dddi dang vda cung cap nhufng kien 
thufc ccf ban, vda cung cap nhtfng ki£n thufc nang cao. 

Cuon sdeh: “Cdc bai toan dien hinh Hinh hgc 11” gSm ba phan: 

1. Phdp bi&n hinh trong mdt ph&ng 

2. Quan hp song song 

3. Quan he vuong goc 

Trong qud trinh bien soan, se c6 nhtfng thieu sdt, chung toi 
mong nhan dufdc sd gdp y chan thanh td cdc ban dong nghipp va 
cdc em hoc sinh. 


tAcgiA 



Van de I 




PHEP Ddl HINH VA PHEP DONG DANG 
TRONG MAT PHANG 


A. CAN NHOf 
1. Phep tinh tien 

- Trong mat phing cho vecto V . Phep tinh tien theo V , ki hieu: , la 
phep bien hinh bien moi diem M trong mat phing thanh diem M’ sao cho 
MM' = V . Vecta V dirge goi la vecto tinh tien. Khi do ta viet (M ) = M\ 

Vay T d (M) = M. 

- Ta co T- (A) = A’; T- (B) = B’ => A’B’ = AB 

- Phep tjnh tien bien ba diem A; B; C thing hang va diem B o gifta A; C 
lan lupt thanh ba diem A’; B’; C’thing hang va diem B’o giura A’; C\ 

- Phep tjnh tien bien mpt duong thing thanh mpt duong thing song song 
hoac trung vcri duong thang da cho. 

- Phep tinh tien bien mpt tarn giac thanh mot tarn giac bing tarn giac da cho. 

- Phep tjnh tien bien mgt duong tron tarn I thanh mpt duong tron 

bing duong tron da cho co tarn I’ = T- (I). 

- Chu y : 

+ Quy tic dat tuomg ung moi diem M voi mpt 'diem M’ xac djnh trong 

f 9 + 

cimg mpt mat phang dugc gpi la mpt phep bien hinh trong mat phang, 
thuemg ki hifu la f. Diem M’ dupe gpi la anh cua diem M; diem M dupe gpi 
la tao anh cua M’ qua ph6p biin hinh f, ta viet f(M) = M\ 

+ Phep bien hinh f thoa man f(M) = M, V M dupe gpi la phep dong nhat. 

- Bieu thuc log do cua phep tinh lien: 

Trong mat phang voi he toa do Oxy, cho phep tjnh tien theo V . Biet V = (a; b). 
V M(x; y), gia sir M’(x'; y’) thoa man: T^ (M ) = M'. Khi do ta co: 

x 1 -a + x 

< 

y' = b + y 


2. Phep doi xirng true 

- Trong mat phing cho truoc mpt ducmg thing d. Phep doi xirng true d, 
ki hipu: Dd, la phep bien hinh bien moi diem M trong mat phing thanh diem 
M’ doi xung voi M qua d. Khi do ta viet: Dd (M) = M\ 

Ducmg thang d dupe gpi la true cua phep doi xung true Dd. 


5 



Luu y: 

- Diem M khong thuoc duong thang d. 

- Diem M' duoc goi la diem doi xung cua diem M qua duong thdng d 
neu d la duong trung true doan thdng MM'. 

- Neu diem M thuoc duong thdng d thi ta xem M doi xung voi chinh 
no qua d. 

- V Me d; B d (M) = M. 

V M « d; B d (M) = M’ ta co d la duong trung tryc doan thing MM’. 

- Ta c6 B d (A) = A’; B d (B) = B' => A’B' = AB 

- Phep doi xung tryc bien ba diem A; B; C thang hang va diem B d giua 
A; C lan luprt thanh ba diem A’; B’; C’thing hang va diem B' a giua A’; C\ 

- Phep doi xung tryc bien mot duong thing thanh mot duong thang. 

- Phep doi xung true bien tarn giac thanh mot tarn giac bang tarn giac da cho. 

- Phep doi xung true B d bien mot duong tron tarn 1 thanh mpt duong 
tron bing duong tron da cho co tarn 1’ = B d (I). 

- Chuy : 

Duong thing d duoc goi la tryc doi xung cua mot hinh M neu phep doi xung 
tryc d bien hinh M thanh chinh no. Ta noi hinh M la hinh co true doi xung. 

- Bieu thuc toa do cua phep doi xung true Bq x ; Do> 

Trong mat phing voi he toa do Oxy cho diem M(x; y), gia sir M’(x’; y’) 


thoa man: Bq x (M ) = M’. Khi do ta co: 


x = x 


[ y =-y 

Trong mat phing voi h? toa dp Oxy, cho di4m M(x; y), gia sir M’(x’; y’) 


thoa m3n: B 0y (M ) = M\ Khi d6 ta co: 


x = -x 


y =y 


3. Phep doi xung tarn 

- Trong mat phing cho truoc mpt di4m I. Phep doi xung tarn I, ki hieu 
B|, la ph^p bien hinh bien moi diem M trong mat phing thanh diem M' doi 
xung voi M qua I. Khi do ta viet: B|( M ) = M' 

- Biem I dupre gpi la tarn cua phep doi xung B|. 

- Ta co 1M + PvT = 6 hay \M' = -IM 

- Bid) = I- 

- V M; Bi( M ) = M’ =>B,( M’ ) = M. 

- Ta co Bi (A) = A’; B, (B) = B’ => A’B’ = AB va ATT = -AB . 

- Phep doi xung tarn bien ba diem A;B;C thang hang va diem B 6 giia 
A; C lin luprt thanh ba diem A’; B’; C'thing hang va diem B’ 6 giua A’; C\ 
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- Phep doi xung tam bien mgt ducmg thang thanh mot ducmg thing song 
song hoac trung voi dirang thang da cho. 

- Phep doi xung tam bien mot tam giac thanh mot tam giac bang tam 
giac da cho. 

- Phep doi xung tam D| bien mot ducmg tron tam J thanh mot ducmg tron 
bang ducmg tron da cho co tam J’ = D| ( J ). 

- Chit y: Diem I dugc goi la tam cua mot hinh M neu phep doi xung tam 
I bien hinh 3t thanh chinh no. Ta noi hinh M la co hinh tam doi xung. 

- Bieu thurc tog do cua phep doi xung true B| 

Trong mat phing vcri he toa do Oxy cho diem l(a; b). V M(x; y), gia sir 
M’(x’; y’) thoa m5n: Di(M ) = M\ 

. (x' = 2a - x 
Khi do ta co: < 

}y' = 2b-y 

4. Ph^p quay 

- Trong mat phing cho truac mpt diem I co dinh va mot goc lugng 
giac a . Phep quay tam 1 goc«, ki hi?u Q ([ a y la phep bien hinh bien moi 

diem M trong mat phing thanh diem M’xac djnh sao cho IM’ = IM va goc 
lugmggiac (IM, IM’) = a. Khi do ta viet: Q (la ^(M) = M’. 

Diem I dugc ggi la tam quay; g6c a dugc ggi la goc quay cua Q () a ) • 

- Chu y: 

a. Chieu ducmg cua phep quay trung voi chieu ducmg cua ducmg tron 
lugng giac. 

b. Khi a =(2k+l);r (k la so nguyen) thi Q () trung D|. 

-Q ( i,a)( A ) = A’;Q (Iia) ( B )= B '^ A ’ B ’ = A B 

- Phep quay bien ba diem A.\ B; C thang hang va diem B g gifta A; C lan 
lugt thanh ba diem A ’; B’; C’ thang hang va diem B’ a gitra A ’; C’. 

0 * t 

- Phep quay bien mgt ducmg thang thanh mgt ducmg thang. 

- Phep quay bien mot tam giac thanh mgt tam giac bang tam giac da cho. 

- Phep quay Q () bien mgt ducmg tron tam J thanh mot ducmg trdn bang 

duorg tron da cho co tam J’ = Q , , (J) 

5. Phep doi hinh 

a. Dfnh nghla: Phep dcri hinh la phep bien hinh khong lam thay doi 
khoang each giua hai diem bat ki. 

(Phep doi hinh la phep bien hinh sao cho neu hai diem M va N co anh 
tuang img la M‘ va N’ thi M'N‘ = MN). 
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Chuy : 

- Moi phep tinh tien; phep doi ximg true; phep doi xung tam; phep 
quay I a mpt ph£p doi hinh. 

- Neu thpc hipn lien tiep hai phep doi hinh thi cung dupe mpt phep 
doi hinh. 

b. Tinh chat chung cua cac phdp doi hinh 

- Bien mpt duong thing thanh mpt duong thing. 

- Bien mot tam giac thanh mpt tam giac bang tam giac da cho. 

- Bien mpt duong tron tam J thanh mot duong tron bang duong tron 
da cho co tam J' (J’ la anh cua J qua phep doi hinh). 

c. Khdi ni$m vc hai hinh b&ng nhau 

Hai hinh M va 3V dupe gpi la bang nhau neu co mpt phep doi hinh 
bien hinh nay thanh hinh kia. 

Ki hipu: 3i = 31' 

6. Phip vj ty 

- Trong m§t phlng cho mpt diem I co djnh va mpt so thpc k khong doi, 
k?tO. Phep vj t\r tam I ti so k, ki hipu V (1 k) , la phep bien hinh bien moi 

diem M trong m$t phang thanh diem M’sao cho 1M ’ = k 1M . 

Khi do ta vi4t: V (U) (M) = M’. 


- Diem I dupe gpi la tam vj tp, so k gpi la ti so vj tp. 

- WD =L 


- V ( 1 >lc) (M) = M’; V (| k) (N) = N' =?M’N' = kMN va M’N’ = |k|MN. 

- Ph6p vj tp bien ba diem A; B; C thang hang va diem B 6 giua A;C lan 
lupt thanh ba di4m A’; B’; C’ thang hang va diem B' o gi&a A’; C’. 

- Phep vi tp bien mpt duong thang d thanh mot duong thang d’ 

+ Duong thing d’ trung v<5i duong thing d neu d di qua tam vi tp. 

+ Duong thing d’ song song voi duong thing d neu d khong di qua 
tam vj tp. 

- Phep vj tp bien mpt goc thanh mpt goc bang no. 

- Phep vj tp tam I ti so k bien mpt tam giac thanh mpt tam giac dong 
dang v6i tam giac da cho, c6 ti so d6ng dang la |k|. 

- Phep vj tp tam I ti so k bien ducmg tron (O; R) thanh duong tron (O’; R’) 
voi 10*'= klOvaR’ = |k| R. 
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* Tam vj tu cua hai du&ng iron: Cho hai duang tron, luon co phep vi ty 
V (| k) bien duang tron nay thanh duang tron kia. Khi do 1 dugc goi la tam 

v| ty cua hai duang tron tren. 

+ Neu k > 0 thi 1 goi la tam vj ty ngoai 
+ Neu k < 0 thi I goi la tam vj tu trong 

- Dac biet: Cho hai duang tron tiep xuc nhau tai A. Khi do A la mot tam 
vi ty cua hai duang tron tren. 

7. Ph£p dong dang 

a. Dink nghia: Cho truac mot so thyc k duang. Phep dong dang theo ti 
so k la phep bien hinh sao cho neu hai diem M va N co anh tucmg ung la M’ 
vaN' thi M’N’ = kMN. 

So k dugc ggi la ti so dong dang. 

Chuy: 

- Phep dai hinh la phep dong dang theo ti so k = 1. 

- Thyc hien lien tiep hai phep dong dang ta dugc mot phep dong dang. 

b. Tinh chat 

- Phep dong dang biin ba diem A; B; C thang hang va diem B a giQra A; 
C lan lucrt thanh ba diem A’; B’; C’thSng hang va diem B’ a giua A’; C\ 

- Phep dong dang bien mgt duang thdng thanh mot duang thdng. 

- Phep dong dang theo ti so k bien mot tam giac thanh mot tam giac 
dong dyng vai tam giac d2 cho co ti so dong dang la k. 

- Phep dong dang theo ti so k bien mot duang tron ban kinh R thanh mot 
duang tron co ban kinh R’ vai R’ = kR. 

- Phep vj ty V (( lk)) la mgt phep dong dang theo ti so |k| 


- Mgi ph6p dong dang f ti so k deu la phep hgp thanh cua mgt phep vj ty 
ti so k va mgt phep dai hinh. 

Chuy: Vai moi diem M bat ki, phep bien hinh f bien diem M thanh diem 
Mi, phep bien hinh g bien diem Mithanh diem M\ Phep bien hinh h bien 

% y \ 9 

diem M thanh diem M’; ta noi h co dugc bang each thyc hien lien tiep hai 
phep bien hinh f; g. Khi do nguai ta con noi h la phep hpp thanh cua hai 
phep bien hinh f; g (hay phep bien hinh h dugc ggi la tich cua hai phep bien 
hinh f; g). 

c. Khdi ni$m vi hai hinh ding dang 

Hai hinh 3i va 3€ dugc ggi la dong dang vai nhau neu co mot phep dong 
dyng bien hinh 3i thanh hinh M’ (hay nguyc lai). Hinh M d6ng dang vai 
hinh 3V dugc ki higu la: M ~ 3V 
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B. CAC bAi toan dien hinh 

Bai toan 1: Chung minh cac ding thirc; chirng minh cac bat dang thurc; 
chirng minh hai hinh bing nhau; chirng minh cac during thang dong 
quy; chung minh nhieu diem thing hang... 

Phutmgphap: Dung djnh nghTa va cac tinh chat cua phep bien hinh da hoc. 
Vi dp : 

Bii 1: Tren canh BC; CD cua hinh vuong ABCD Ian lupt lay diem M; K 

sao cho BAM = MAK . 

Chung minh ring: BM + KD = AK. 

Giai 


Xet phep quay tarn A goc -90°. Phep quay nay bien D thanh B; bien K 
thanh H 

=> A ADK = A ABH = 



AK = AH 
DK = BH 

Bit a = BAM => AMH =90 0 - a 
Ta co goc HAM + MAK = 90° 

=> HAM + a = 90° 

=* HAM = 90° - « 

=> HAM = AMH 
=> A AH M can tai H -=> AH = HM 
Ma HM = HB + BM ^ AH = DK + BM 
=> AK = DK + BM (dpcm ). 

Chuy: Vori moi diem M bat ki, phdp bien hinh f bien diem M thanh diem 
Mi, phep bien hinh g bien diem M t thanh diem M\ Phep bien hinh h bign 
diem M thanh diem M'; ta noi h co dupe bang each thuc hipn lien tiep hai 
phep bien hinh f; g. Khi do nguoi ta con noi h la phfy hyp thanh cua hai 
phep bien hinh f; g (hay phep bien hinh h dupe goi la tich cua hai phep bien 
hinh f; g). 

Bai 2: Cho AOAB vuong can tai A. Chung minh rang: Q (A ^ la phep hop 


thanh cua Doa va Dab- 

Giai- 

Xet diem M bat ki va Mi; M' thoa man: Doa(M) = Mi; D A b(Mi) = M’ 
Khi do Q (A90 o ) (M) = M’ 
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Chuy: Cho AOAB vuong can tai A. 

a. Thuc hi?n lien tiep bon phep doi xung true Doa; Dab; D B a; D B o la 
phep hpp thanh cua Doa va Dor. 

b. Phep hop thanh cua Doa va D 0 b la phep doi xung tarn Do- 

c. Thvrc hi?n lien tidp hai phep quay Q (Ai9fl0) ; Q (B 90 o } ta du<?c P ht4 P 

doi xung tam Do- 

Bai 3: V6 phia ngoai cua A ABC d^mg cac hinh vuong BCMN; ACPQ co 
tam lan lirat la O; O’. 

1. Chung minh ding khi A; B co dinh va C thay doi thi dubmg thing NQ 
luon di qua mot diem co djnh. 

2. Chung minh ring AM = PB va AM _L PB. 

3. Gpi I la trung diem canh AB. Chung minh ring: A lOO’ la tam giac 
vuong can. 

Giai 


1-Xet Q, a on0 ,(Q) = C va Q 9q0) (C) * N 


'(A.90 u ) 

Khi do Q, 


, 0 , (Q, A onQ 4 (Q)) = N = Dh(Q) (H: co dinh) 


' (B.90 u ) ^(A,90 u ) 

(Thuc hien lien tiep hai phep quay tam A goc 90° 
phep quay tam B goc 90° la mot phep doi xung tam) 
=> Diem H la trung diem doan thing QN 
=> Duong thang QN qua diem H co djnh (dpcm) 
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2. Q (C .90°) (A) = P i Q(C,90°) (M)= B = PB AM 1 PB (dpCm) 

3. Ta co IO la ducmg trung binh cua A ABM; IO’ la ducmg trung binh cua A ABP 

Suv ra IO = - AM va IO // AM; 

2 

IO’ = 1 PB va 107/ PB. 

2 

Mat khac ta co AM = PB va AM _L PB 
=>10 = 10’vaIO± IO’ 

Vay AIOO’ la tam giac vuong can tai I (dpcm) 

Bai 4: Ve phia ngoai cua mQt tur giac loi ABCD dyng cac hinh vuong co 
canh AB; BC; CD; DA. Chung minh rang: 

1. Tam cua b 6 n hinh vuong do lam thanh mpt tu giac co hai ducmg cheo 
bang nhau va vuong goc nhau. 

2. Trung diem cac ducmg cheo cua cac tu giac ABCD, O 1 O 2 O 3 O 4 la dinh 
cua mot hinh vuong. 

Giai 

1. G pi Oi; O 2 ; O 3 ; O 4 lan luot la tam cac hinh vuong co canh AB; BC; CD; DA. 
Gpi I la trung diem doan thang AC. 

Xet AACD; A ABC 

Theo bai 3 ta co AIO 1 O 2 ; AIO 3 O 4 la nhiimg 
tam giac vuong can tai I. 

Phep quay tam 1 goc - 90° bi£n: 

Oi thanh O 2 ; O 3 thanh O 4 
=> O 1 O 3 = O 2 O 4 va O 1 O 3 JL O 2 O 4 (dpcm) 

2 . Taco Q ( | _ 9 q 0 j(Oi) = O 2 ; Q ( | - 9 <y>>(O3) ~ 0 4 ; 

^( 1 ,- 90 °)^^ “ 1 

Dodo Q (| _ 9()0) bien AIO 1 O 3 thanh AIO 2 O 4 

Gpi M; N lan luot la trung diem cua canh O 2 O 4 ; O 1 O 3 . Khi do ta co IN 
va IM l4n lu<yt la trung tuyen cua AIO 1 O 3 va AIO 2 0 4 . 

=> Qc.-900,( N ) = M 
=> IN = IM va IN 1 IM. 

Vay AINM vuong can tai I. 

Gpi K la trung dilm doan thing BD, tuong t\r ta chung minh du<yc 
A KNM vuong can tai I. 

Do do tu giac KM IN la hinh vuong. 
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Bai 5: Ve phi'a ngoai hinh binh hanh ABCD dung cac hinh vuong co canh 
lan luot la AB: BC; CD. Chung minh ring: Bon tarn cua bon hinh vuong do 
la cac dinh cua mot hinh vuong. 

Giai 

Ggi Oi; O 2 ; O 3 ; 0 4 lan luot la tarn cac hinh vuong canh AB; BC; CD; DA. 
Goi 1 la tam cua hinh binh hanh ABCD. 

=> I la trung diem doan thang AC va BD. 

-Xet A.ABC; A ADC 

Ta co I la trung diem doan thang AC, theo bai 3 ta co: 

AIO 1 O 2 ; AIO 3 O 4 la cac tam giac vuong can tai 1 
-Xet AABD; ABCD 

Ta co I la trung diem doan thang BD. theo bai 3 ta co: 

A 10]0 4 ; AIO 3 O 2 la cac tam giac vuong can tai 1 
Vay cac tam giac: AIO 1 O 2 ; AIO 3 O 4 ; AIO 1 O 4 ; AIO 3 O 2 la cac tam giac 
vuong can bang nhau nen tu giac O 1 O 2 O 3 O 4 la hinh vuong. 

Bai 6: Tren hinh ve sau day co ba diem thang hang 
A; B; C va ba hinh vuong ABMN; BCPQ; ACRS voi 
tain lan luot la X; Y; Z. Goi X’; Y’; T lan luot la 
trung diem cac canh AB;BC; AC. 

1. Chung minh ring: AZ'XY; AX'YZ;A Y’XZ la nhung 
tain giac vuong can. 

2. Chung minh ring: AY 1 XZ; BZ1XY; CX 1 YZ 
(AB > BC hoSc AB < BC ) 

Giai 

1. - Xet phep quay tam B goc 90 0 ( Q ( B t}()0 ( ) 

^(B.90°)^ A ^ ^(B.90°) ^ C 

=> AQ = MC va AQ 1 MC 
Ta co Z X la dtrcrng trung binh cua A MAC; 

Z‘ Y la duong trung binh cua A ACQ 

=^Z'X 7 MC va Z'X = - MC; 

2 

Z'Y 7 AQ va Z'Y = - AQ 

=>Z'X = Z’Y va Z’X 1 Z’Y 
Vay AZ'XY la tam giac vuong can tai Z\ 





13 




-Xet phep quay tarn C goc 9(f (Q (CMf) ) 

Q (C9oP) (B) = P; Q (C 9 o 0 ) (R) = A => BR = PA va BR i PA 

Mat khac ta co X’Z la ducmg trung binh A ABR; 

X'Y la ducmg trung binh A ABP 

=>ZX’ // BR va ZX' = - BR: X’Y // AP va X'Y = - AP 

2 2 

=>ZX’ = X’Y viZX' 1 X'Y 

Vay AZX'Y la tarn giac vuong can tai X’ 

- Xet phep quay tam A goc 9(f ( £> (%0) ) 


Q ( aW N)=B; Q ( a.w“) < C ) = S => NC = BSva NC IBS 

Mat khac ta co XY’ la duong trung binh cua A BNC; 

ZY’ la duong trung binh cua A B§C 

=>XY7/NC va XY’ = - NC; ZY’//BS va ZY’= -BS 

2 2 

=>XY’ = ZY’ va XY’ 1 ZY’ 


V$y AZXY’ la tarn giac vuong can tai Y’. 

2. Xet phep quay tam X’ goc 90° bien diSm A thanh diSm X; bien diem Y 
thanh diem Z. 


Do do AY = XZ va AY 1 XZ 


Cac trucmg hgp khac chung minh tuong t\r. 

Bai 7: Cho tam giac ABC, goi 1 la tarn ducmg tron noi tiep tam giac ABC va 
P la mpt diem nim trong tam giac ABC. Gqi A’; B’; C’ la cac diemi doi 
xung voi P lan luot qua cac duong thing Al; Bl; Cl. Chung minh cac duong 
thing AA’; BB’; CC 1 dong quy. 

Giai 

Gpi M; N; E la cac diem doi xung voi P lan lugt qua cac ducmg thing 
BC; AC; AB 

Ta c6 AE = AP; AP = AN (Tinh chat phep doi xung ’rue) 

=> AE = AN (1) 


Dit a = BAP; p = PA1 

Taco EAA’ = EAP + PAV = 2a +2P 
Mit khac ta co: 

/VAN = VAC + CAN = VAC + CAP = a + a+ 2 p 
=> VAN =2a + 2p 
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Vay EAA' = A'AN (2) 

Tu (l)va (2) ta co: AA' la 

* / 

ducmg trung true doan thang EN 

Vai tro cua cac duong thing 

E v /ft 

AA’; BB’; CC' va cac diem M; 

*J i/ \ 

N; E trong bai toan nhu nhau nen 

/V^ A 

ta cung co: 

/ ; - 

- Duong thang BB' la duong 



N 


trung true doan thing EM 

— Duong thing CC' la duong 
trung true doan thing MN 

Vay AA'; BB’; CC’ d6ng quy 
tai tam duong tron ngoai tiep tam 
giac MNE 1 M 

Bii 8: Cho A ABC. Goi A’; B'; C 

A; B; C. Gpi d|la ducmg thing qua A’ vuong goc voi BC; d 2 la 61 fang 
thing qua B’ va vuong goc voi AC; d 3 la cuong thing qua C’ va vuong goc 
voi AB. Chung minh cac duong thing di; d 2 ; d 3 dong quy. 





B* 


* * 


Nhdn xet: Cac diem A; B; C lan lupt nim tren cac canh B'C’; C'A’; 
A’B’. Cac ducmg thing AA'; BB’; CC' di qua tam O cua ducmg tron npi 
tiep A ABC. 

Gpi H la giao diem cua ducmg thing« 

Ta co OVH = OCB C\" 

\ 

(goc co canh tuong ung vuong goc) \ 

M§t khac tu giac OBA’C npi tiep 
duong iron nen: 

OCB - BAO 

=> CVH = BA^OO) 

Gpi I la tam duong tron npi tiep A A B C’ 

=* OVI = BAM (2) 

Tir(l)va(2)ta co HA’I = OA’l 

=> Duong thing di = A’H ddi xung voi ducmg thing A’O qua duong 
phan gidc A'l cua goc B'A'C'. 

Do do duong thang d| = A’H di qua diem A| la diem dpi xung cua diem 
O qua duong phan giac A’l cua goc B'A'C'. 
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Tiromg tu ducmg thing d 2 di qua B|la diem doi xumg cua O qua ducmg 
phan giac B’l cua goc A'B'C'. Duong thing d 3 di qua Cila diem doi xumg 
cua O qua ducmg phan giac C’l cua goc A'C'B'. 

Vay theo bai 7 ta co cac ducrng thang d i; d 2 ; d 3 dong quy (dpcm). 

Bai 9: Trong hinh vuong ABCD lay mpt diem P. Tu A; B; C; D lan luot dung 
cac ducmg thing di; dj; d 3 ; d.ithda d| ± BP; d 2 ± CP; d 3 _L DP; d 4 TAP. 
Chung minh ring bon ducmg thing di; d 2 ; d 3 ; cU dong quy. 

Giai 

Goi O la giao diem cua CA va BD 
* Xet phep quay tarn O goc -90°(Q (O w0) ) 

Taco Q (0 _ 90 o ( (A)-D; Q ( 0 _ 90 o ) (D)-C; Q ( 0 _go°)^C) _ B; Q (0 go 0 ) (B)-A 



B^i 10: Cho ba ducmg tron (Oi); (O 2 ); 
(O 3 ) doi mot tiep xuc ngoai voi nhau. Gpi 
A la tiep diem cua(0|) va (O 2 ); B la tiep 
diem cua (O 3 ) va (0 2 ); C la tiep diem cua 
(0|) va (O 3 ). Ducmg thing AB cit (0 3 ) tai 
diem thir hai B\ ducmg thing AC cit (O 3 ) 
t^i diem thu hai C\ Chung minh ring doan 
B’C’ la ducmg kinh cua ducmg tron (O 3 ). 

Giai 



Ta co B la tam vj ty cua (O3) va (O2) nen O2A // 03B’. 
Ta co C la tarn vj ty cua ( 0 |) va (O3) nen Oi A // 03C’ 
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Ta co Oi; A; 0 2 thing hang nen B'; O^; C' thing hang 
Vay doan B'C' la dircrng kinh cua dircmg tron (Oi) (dpcm). 

Bai 11: Cho hai phep vj tu V (() k ( (tam Oi ti so k|) va V (Q k (tam 0 2 ti so k 2 ). 

1. Chung minh rang neu k|.k 2 = 1 thi phep hop thanh cua hai phep vj tu 

f f 

V , , va V n , la mot phep tjnh tien. Khi do hay xac dinh vecto tjnh tien. 

2. Chung minh ring neu k|.k 2 * 1 thi phep hop thanh cua hai phep vi tu 
V.,, , va V,.. , da mot phep vi tu, Khi do hay xac dinh tam va ti so cua 

l '-'l .K | ) ( v /a 2 ' 

phep vi tu. 

Giai 


- Chit y: V (() k ( (M) = Mi; V (Q k } (M|) = M 2 . Khi do lich cua hai phep 

vi tu V... . va V,„ . . bien M thanh M 2 . 
v'V K I ) ‘' J 2 ,K 2 * 

- Tavi ^ W 2 > ( Vm (M)) = M2 - 

1. Goi M| la anh cua diem M bat ki qua phep vj tu tam 0| ti so k| (Phep 
V( 0 k j) va M 2 la anh cua diem Mi qua phep vj tu tam 0 2 ti so k 2 (Phep 

V,k 3) ) 


Ta co 


0,M, = k,0,M 


M, 


0,M 2 = k 2 0,M, 

(M )) = M 2 

Goi 1 la anh cua Oi qua phep vj tu tam 0 2 ti so k 2 . 
Ta co 0,1 = k,0,0, . Ta co: 


^ v (02 , k2) (v (0i<k[) 


IM 2 = 0 2 M 2 - 0 2 I 


0 , 


= k,0,M, -k,0,0. 



= k 2 (0 2 M, -0,0,) = k 2 0,M, = k,(k,0,M) = k,.k 2 0,M. 


Vay IM 2 = k|.k 2 0,M . 
Mit khac ta co ki.k 2 = 1 
=> IM 2 = O^M. Ma IVK 


MM 2 - MI 


MM 2 - MI - 0,M 


=0 MM, = 0,1 => MM, = 0,0, + 0,1 


MM, = 0,0, + k,o^a DAI HOC Qu6c GIA HA NOI 
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=> MM, = (l-k 2 )0,0 2 

=> MM 2 = V(Voi V = (l-k 2 )Oja) 

Vay phep tinh tien theo vecta V ( phep T v ) bien M thanh M 2 . 

Khido T-(M) = M 2 

Do do tich cua hai phep vj tu vai tich cac ti so bang 1 la mot phep tinh 
tien theo V = (l-k 2 )0,0, 

2. Trtrdug hgp: k|.k 2 * 1 ta chon O 3 thoa 0,1 = k|.k 2 0,0, 


Khi do 0,M 2 = 0,1 + IM 2 m, 

= k|.k 2 0,0, + k|.k 2 0,M 
= k,.k 2 (0^ + O^M) 

= k|.k 2 0,M 0i 

Vay 0,M 2 = k,.k 2 OJM 

Suy ra phep vj t\r tam O 3 ti so k = ki.k 2 bien M thanh M 2 . 

Do do tich cua hai phep vi tu voi tich cac ti s 6 khac 1 la mot phep vj ty 
tam O3 ti s 6 k = k|.k 2 . 

Cach xac dinh O3: 

Taco 0,1 = k|,k 2 0,0, => 0,0, + O,0 2 + 0 2 I = k|.k 2 0,0, (1) 
Ma 0 p = k 2 0 ^ ( 2 ) 

Tir(l) va (2) ta co 0,0, +k 2 0 2 0, =k|k 2 0,0, -0,0, 


=> (k 2 - 1 ) 0 , 0 , =(k,k 2 - 1 ) 0 , 0 , 

=>Opl = AzLoA (Vi k,k 2 *l)(*) 
k,k,-l 

Ket luart : 

- Tu (*) suy ra ba diSm 0|; 0 2 ; O 3 thang hang. 


Thvrc hien lien tiep hai phep vj tu co tich cac ti so khac 1 la m<?t phep vj 


t\r c 6 tam dugc xac djnh theo (*) va ba tam cua ba phep vj t\r nay thang hang. 
B&i 12: Cho A ABC co trpng tam G. G<?i A’; B’;C’ lan lugt la trung diem 
cua cac cynh BC; AC; AB. Diem M bat ki nam trong A ABC. GQi Ai; Bi; 
C| lan luot la diem doi xung cua M qua A’; B’; C’. 

1. Xac djnh phep vj tu bien A ABC thanh A A’B’C’ 

2. Xac djnh phep vj tu bien AA’B’C’thanh AA|B|C| 


18 


3. Chung minh ring cac ducmg thing AAi; BBi; CC| dong quy tai trung 
di^m moi ducmg. 


1. Ta co: 

GA' = -- GA 
2 

Gif' = -- GB 
2 

GC’ = -I GC 

' 2 

Vay phep vi tu V , 

(G,-±) 

A ABC thanh AA’B’C’ 

2. Taco: 

MA t = 2 MA*' 
MBj =2MB' 

MCj = 2MC*' 



Vay phep vjttr V (M2) bien AA’B’C’thanh AA|B|C| 


3. Xet hai phep vj tu ; V (M 2) dat k| = -—^ k 2 = 2 

=> k i .k2 - - 1 * 1 

Theo bai 11 ta co phep hop thanh ctia hai phep vj tu V ^ ; V (M 2) la 

mpt phep vj tvr co tarn O3; ti so k = kj.k 2 = -1 va O3 duqrc xac djnh: 

GOj = ———,GM(theo cong there (*) cua bai 11). 
k,k 2 -1 

Vay phep vi tvr co tarn O3 d tren biin: 

- Diem A thanh diem Ai 

- Diem B thanh diem Bi 

- Diem C thanh diem C| 

Do do cac ducmg thing AAi; BBi; CCi ding quy tai O3 

= -OjA 

=> 0 3 B, = -OjB 
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=>Diem O3 la trung diem cua moi doan thing AAi; BBi; CCi. 

Vay cac duong thSng AAi; BBi; CC| dong quy tai trung diem cua moi 
doan thing AAi; BBi; CCi(dpcm). 

B&i 13: Cho ba duong tron (h; R|); (I 2 ; R 2 ); (I 3 ; R 3 ) khong dong tam va 
khong bing nhau. G<?i A; A’ lan lupt la tarn vj t\r ngoai va tam vj tu trong 
cua hai duong trdn (Ii; R|) va (I 2 ; R 2 ); goi B; B' lan lupt la tam vj tu ngoai 
va tam vi tu trong cua hai duong tron (I 2 , R 2 ) va (I 3 ; R 3 ); goi C; C’lan luot la 
tam vi tu ngoai va tam vi tp trong cua hai duong tron (I 3; R 3 ) va (h Ri)- 

1. Chung minh ring A; B; C thang hang. 

2. Chung minh ring A'; B; C’ thing hang. 

3. Chung minh ring A’; B’; C thing hang. 

4. Chung minh ring A; B’; C’ thing hang. 

Giai 


R 


1. Phep v| tp tam A ti so k = —-(Phep V (A k) ) bien duong tron (I 2 ; R 2 ) 

R i 

thanh duong tron (Ii; Ri). 

R 

Phep vj t\r tam B ti so k’ = — (Phep V (B k , ( ) bien duong tron (I 3 ; R 3 ) 

R 2 

thanh duong tron (I 2; R 2 ). 

Taco: k.k’= ^1.^1 = ^ 

R, R 2 R, 

Theo bai 11 ta co tich cua hai phep vi tu V (A k) ; V (H kl) la phep vi t^r ti s6 


* 1 


— bien duong tron (I t ; R|) thanh duong tron (I3; R3), tam cua phep vj tyr 

R| 

nay la diem C v^ ta co ba diem A; B; C thing hang. 

Bgn Age chumg minh twang tu cho cac cau con Igi. 

Bdi 14: Cho hai duong tron (Oi); (0 2 ) ngoai nhau va khong bing nhaui. Mot 
duong tron (O) thay doi tiip xuc ngoai vdi (0|); (0 2 ) lan lupt tai A; B. 
Chung minh ring duong thing AB luon luon di qua mpt diem co djnh. 

Giai 

Diem A la tam vi ty trong cua (Oi) va (O) 

Diem B la tam vj tp trong cua (0 2 ) va (O) 

Hai tiip tuyin chung ngoai cua 
(Oi) va (0 2 ) cit nhau tai S. 

=>S la tam vj t\r ngoai cua 
(Oi) va ( 0 2 ) 

Theo bai 12 ta co A; B; S thing hang. 

Vay duong thing AB di qua diem S co djnh. 



20 


Bai 15: Chung minh ring neu ba duong trung tuyen cua tam giac ABC lan luot 
bimg ba duong trung tuyen cua tam giac A’B’C’ thi hai tam giac do bang nhau. 



Xet tam giac ABC co ba trung tuyen AM; BN; CP cat nhau tai G. Tam 
giac A’B’C’ co ba trung tuyin A’M’; B’N’; C’P’cit nhau tai G’thda man: 
AM = A’M’; BN = B’N’; CP = C’P’ 

Ta fay diem D; D’sao cho tu giac BGCD va tu giac B’G’C’D’ la hinh 
binh hinh. 

Taco AGCD= AG’C’D’ 

Do do co phep doi hinh f bien G; C; D liil lugt thanh G’; C’; D’ 

Khi do f bien A thanh A’va B thanh B’ nen hai tam giac ABC va A’B’C’ 
bang nhau. 

Bai 16: Cho tu giac I6i ABCD. Gpi M la mpt diem thupc canh CD (M 
khong trung C; D). 

Chung minh ring: MA + MB < Max {CA + CB; DA + DB}. 

Giai 


Xet A’ = D cd (A) 

Ta co M thuQC c^mh CD nen 
M thupcAA’BC hoac AA’BD 
=> MA’ + MB < CA’ + CB 
hoac MA’ + MB < DA’+ DB 

MA' = MA 
Mat khac, ta co: • CA' = CA 

DA' = DA 

Do do MA + MB < CA + CB 
hoac MA + MB < DA+ DB 
V§y: MA + MB < Max {CA + CB; DA + DB}(dpcm ). 

i f \ 

Bai 17: Chung minh rSng hai hinh vuong bat ky dong dang vdi nhau. 

Giai 

Xet hai hinh vuong bit ky ABCD va A’D’C’D’. Ta chung minh hai hinh 
vuong do dong dang. 

Bai toan khong mit tinh tong quat, gia sir hinh vuong ABCD c 6 canh a va 
hinh vuong A’B’C’D’co canh b. Phep vi tu V b bien: 

3 
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+ DiSm A thanh A 
+ Diem B tMnh Bi 
+ Diem C thanh Ci 
+ Diem D thanh Di 

Khi do phep vi ty V b bien hinh vuong ABCD thanh tu giac AB|C|D|. 

(A ’5> 


=> Tugidc AB|C|D| la hinh vuong va B|C| = 


- ,BC = b. 


=> Hinh vuong ABvCiDibSng hinh vuong A’B’C’D’. 

Do do co m$t ph6p doi hinh f biin hinh vuong ABiQDi thanh hinh 
vuong A’B’C’D’, 


Vay c6 phep dong dang g la phep hop thanh cua V b 


v& f d3 bien hinh 


vuong ABCD th&nh hinh vuong A’B’C'D’. 

=?>Hinh vuong ABCD dong dang voi hinh vuong A’B’C’D’Cdpcm). 



Bai 18: Cho A ABC npi tiep trong duong tron tarn O. Gpi A’; B’; C’ Ian lugt 
la trung diem cac cftnh BC; AQ; AB. Gpi J l& tarn duong tron ngo^i tiep 
AA’B’C’; G H lan lugt la tr<?ng tam va tr^rc tarn cua A ABC. Goi A| la 
hinh chieu vuong goc cua A tren duong thing BC; B| la hinh chieu vuong 
goc cua B tren duong thing AC; C| la hinh chieu vuong goc cua C tren 
ducrng thing AB. 

1. Chung minh ring cac diem O; H; G; J thing h4ng. 

(Duong thing di qua cac diem O; H; G; J duoc goi la duong thing Euler).i 
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2. Chung minh ring cac diem A’; B"; C’; Ai; B t ; Ci; cac trung diem cua 
cac doan thing HA; HB; HC cung thuoc mot duong tron . 

(Duong tron qua 9 diem tren dupe goi la duong tron Euler). 

Giai 

1. Trpng tam G cua A ABC la giao diem cua cac duong trung tuyen AA’; 
BB';CC'. 

Khi do phep vi tu V , bien: 

(G.--I 

+ Diem A thanh diem A’ 

+ Diem B thanh diem B’ 

+ Diem C thanh diem C’ 

Do do phep vityr V . bien: 

( 0 .--) 

+ A ABC thanh AA’B’C’ 

+ Duong tron (0) thanh duong tron ( J ) 

=> GJ = GO (1) va ban kinh R; r lan lupt la cua duong tron (0); (J) 

thoa man r = — R. (a) 

2 

Mat khac ta c6 cac duong trung true cua A ABC cung 1& ede duong cao 
cua AA’B’C’ nen O latryc tam cua AA’B’C’ 

=> Phep vi t\r V . biSn diSm H thanh diem 0 

(G.~) 
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Tir (a) va (b) ta co phep vi tu V t bien duang tron (O) thanh ducmg tron (J) 

, (H ’2 ) 

Gpi K la giao diem dudng thang AA| va ducmg tron (O) 

Ta co BAK = BCC, (goc co canh tuong ung vuong g6c ). 

Mat khac ta co BAK = BCK 
=> BCK = BCC, => HA, = KA, 

=> HA^ = - HK 

=> Phep vj t\r V . bien diem K thanh diem A| 

(w,i) 

Ma K thupc duang tron (O) do do diem Ai thupc duang tron (J) 

Chung minh tuang t\r ta co Bi; C| thuoc duang tron (J) 

Gpi M; N; Q l&i luprt la trung digm doan thang HA; HB; HC 

HM = —HA 
2 

=> Jhn = -hb 
2 

HQ = — HC 
2 

=> Phgp vj t\r V , bien A; B; C l§n luprt la thanh cac diem M; N; Q. 

Ma A; B; C thupc duang tron (O) nen cac diem M; N; Q thupc ducmg 
trdn (J) 

V$y cac diSm A’; B’; C’; Ai; Bi; Ci; cac trung di£m cua cac doan thang 
HA; HB; HC cung thupc mpt dudng tron (J)(dpcm). 

B4i 19: Cho hai ducmg tron khong bang nhau (O) va (O’) tiep xuc ngoai tai 
A. Trong ducmg trdn (O) vg day cung AB; trong ducmg tron (O’) vg day 
cung AC sao cho AB 1 AC. Gpi 1 la tarn vi tu ngoai cua (O) va (O'). 
Chung minh ba dilm B; C; I thang hang. 

Giai 

Gpi D la diem doi xung cua C qua O’. Khi do ta co D thupc ducmg trdn (O') 

=> CAD = 90° 

=> A; B; D thang hang 
=>v (AJ0 ( B) = D 

(Vdi k = ; R va R’ 

R 

lan lupt la ban kinh cua (O) 
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Ma V ( A k » ( O) = O’nen OB // O’D 

=> OB // O’C (1) 

Mat khac ta co V R , (O) = O’ (2) 

Tu (1) va (2) ta co V R , (B) = C 

<i.£> 

=> ic = — IB 
R 

==> Ba diem B; C; I thang hang (dpcm). 

Chu y: Ta co the thay bai 19 bai bai: “Cho hai ducmg tron khong bang 
nhau (O) va (O’) tiep xuc ngoai tai A. Trong ducmg tron (O) ve day cung 
AB; trong ducmg tron (O’) vS day cung AC sao cho AB 1 AC. Chung 
minh ducmg thang BC di qua diem co djnh.” 

Ban d<?c trinh bay nhu lai giai sau: 

Goi I la tarn vj tyr ngoai cua (O) va (O’); trinh bay tiep theo nhu bai 19 roi 

9 * 1 / 

ket luan ducmg thang BC di qua diem co djnh la tarn vi ty ngoai cua (O) va 
(O’Xdpcm). 

Bdi 20: Cho tu giac ABCD nQi tiep ducmg tron tarn O. Tir M; N; P; Q lan 
luyt la trung diem c£c canh AB; BC; CD; DA ta vg cdc ducmg th&ig vuong 
goc voi canh doi di?n. Chung minh rang cdc ducmg thang ay dong quy. 

Ta c6: 

MN // AC ; MN = - AC 

2 

PQ // AC ; PQ = ~ AC 

=> MN // PQ va MN = PQ 
=> Tu giac MNPQ la hinh binh hanh. 

Gpi I la tarn hinh binh hanh MNPQ 
=>B|(M) = P; D,(N) = Q; 

D,(P) = M; Di(Q) = N. 

Gpi O’ la anh cua O qua phep doi xung tarn D| 

=> Phep doi xung tam Di bien ducmg thang PO thanh ducmg thang MO’. 
=> MO’// PO. 

Mat khac ta co DC 1 PO 
=> DC1MO’ 


Giai 
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, Vay dudng thing di qua M vuong goc vdi DC luon qua diem O’ 

Chung minh tuong tu ta co ba dudng thing lan luqrt qua N; P; Q theo thir 
tu vuong goc vdi DA; AB; BC deu di qua diem O’ 

Do do bon dudng thing lan luqrt qua M; N; P; Q theo thu tu vuong goc 
vdi CD; DA; AB; BC dong quy tai diem 0’= Di(O) (dpcm). 

B&i 21: Cho hai hinh vuong ABCD va AB|C|D|. Chung minh ring cac 
ducmg thing BBi;CCi;DD| dong quy. 

Giai 

Bai toan/ khong ifiat tinh tong quat; 
gja sir hai hinh vuong ABCD va‘ 

AB|C|D| thoii m3n de bai dugc bieu 
dien nhu hinh vg ben 

Xet phep quay Q (A 9q0) ; ta co: 

Q<aW B ) = D 

=>BBi = DD|j BB| _L DD| 

Gpi I la giao diem cua BBj va DDj 

=> BID = 90° 

', => I thugc dudng tron ' O) ngogi tiep hinh vuong ABCD (1) 

M$t khdc ta c6 BJD, » 90° 

=>I thuQC duong tron (O’) ngogi tiep hinh vudng AB)C|D| (2) 

, CIA = 90° 

Tir(l) va (2) taco: • __. 

C,IA = 90° 

(Vi AC la mq>t ducmg kinh cua (O); AC| la mqt ducmg kinh cua (O’)). 

=> C; Ci; I thing hang 

=> Dudng thing CC i di qua diem I 

=>Ba dudng thing BBi; CCi; DD| dong quy(dpcm). 

Eqn dgc giai them mpt so bai sau: 

B&i 22: Diem M di dong tren dudng trdn ngoai tiep A ABC. Gqi Mj; M 2 ; 
Mj lin luot la cac diem doi xumg cua M qua CA; BC; AB. Goi H la tryrc tarn 
cua A ABC. 

1. Chung minh ring Mi; M 2 ; M3; H thing hang. 

2. Goi Q; P; R lan luqrt la hinh chieu vuong goc cua M tren BC; CA; AB. 
Chung minh ring P; R; Q thing hang. 
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B&j 23: Cho hai duong tron (O); (C’>cit nhau tai I; J. Tu mot diem P co 
dinh vc mot cat tuyen cat (O) tai M; N. Hai duong thing'JM; JN cat (O’) lan 
luot tai M’; N’. Chung minh rang dircmg thing M'N’ luon di qua mot diem 
co djnh. 

Bai 24: Cho hai dircmg tron (O); (O’) ngoai nhau . Duong tron ( I ) cat (O) 
tai A; B va cit <0’) tai C( D. Tir mot diem H tren duong tron (O’) v5 HC; 
HD cat duong tron ( I) Ipi luot tai M’; N’. Duong thihg BM’; BN' lan luot 
cit duong tron (O) tai diem thu hai la M; N. Chimg minh rang duong thing 
MN luon tiep xuc voi ducmg tron co djnh khi H chay tren ducmg tron (O’). 

Bai 25: pung d ngoai tarn giac ABC nhung tarn giac deu ABC’; BCA’; CAB’. 

1. Ch(mg minh ring cac duong thang A/C; BB'; CC’ dong qui tai mot 
diem I va cac doan thing AA’; Bl5 ; CC 1 bing nhau. 

2. Gia sir diem 1 a trong tarn giac ABC. Tren tia IB o ngoai doan thing 
IB liy diim D sao cho: BD = IC. Chung minh AA’ + IA + IB + IC. 1 

3. Neu tinh chat cua tarn gidc A’lD. 

Bai todn 2: Dung hinh 
'Vi du: , 

Bai 1: Cho goc nhon Oxy. Goi A la diem bat ki trong goc nhon Oxy. 

1. Dung ducmg thing d di qua A, ducmg thing d cit Ox; Oy lan luot tai 
B; C sao cho diim A la trung diem cua doan thing BC. 

L * . I ' / 

2. Dung diem B; C lan luot thuoc tia Ox; Oy sao cho A ABC co ohu vi nho nhat. 

Giai 

1. Phan tfch: 

Gia su da dung duoc ducrhg thing d thoa bai toan. Ta co diem A la trung 
diem doan thing BC. 

^D A (B) = C 
Goi Da(O) = 0,. 

Mat khac O; B thuoc tia Ox nen,C thuoc anh Oix’ cua tia Ox qua phep 
doi ximg true D A 
=> C = Oix’ n Oy 
Cach dung: 

- Dung 0| = D a (0) 

- Dung anh Oix’ cua Ox qua D A 

- Dirng C = Oix'nOy 

- Dung giao diem B cua Oy va AC 
Ket luan\ Diem A la trung diem doan thing BC 



27 



Chung minh: 

Theo each dyng ta co: Oix’ // Ox nenCO,A = AOB 


Mat kMc ta co 


0,AC = BAO 
OA = AO, 


=> AO,AC = AOAB 



2p = AB + BC + CA = A”B + BC + CA’ > A’A” = A’C 0 + C 0 Bo + B<A” (*) 
Chu vi A ABC d^t gia trj nho nhat 


<=> Bat ding thuc (*) xay ra diu “=” 


o 


BhB 0 

ChC 0 


Cach dymg: 

- D\mg A’ = D 0y (A); A” = D 0x (A) 

- Dvmg duremg thing A’A” 

- Dymg giao diem B cua thing A’A” va tia Ox 

» » 

- D\mg giao diem C cua thang A’A” va tia Oy 
Kit luan: A ABC co chu vi nho nhit 
Chung minh : (Dua vao each dyng tren ban 

doe trinh bay chung minh). 

Chu y: Xet diem dac biet cua cau 2) cua bAi 
toan tren ta c6 bai toan sau: 

“ChoAABC, tren c^nh BC lay mot diem D. 

D\mg E, F lan lirgrt la cac diem thuoc canhAB, 

AC sao cho A DEF co chu vi nho nhat”. 

Hu&ng dan: 

Gpi E’ = D A b(D); F’ = D At (D). 

Gpi E 0 = E’F’n ABvaF 0 = E’F’n ACVE eAB; VF eAC taco: 
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2p = DE + EF + FD = E’E + EF + FF’ > E’F’ = E’E 0 + E 0 F 0 + F„F’(a) 
Chu vi A DEF dat gia tri nho nhat 


o Bat dang thurc (a) xay ra dau “=”<=> < 


E 

F 



Bai 2: Cho goc nhon Oxy. tren tia Oy lay mot diem S khac O, goi d la 
duang thang qua S khong chua tia Oy. Hay dung duang thSng d‘ vuong goc 
vcri duang thang d va d' cat Ox; Oy lan luot tai A; B each deu duang thang d. 

Giai 

Phan tich: 

Gia sir da dung dugc duong thSng d’ thoa bai toan; ta co A, B each deu 
dtrong thang d. 

=> A = D d (B) 

Ta co A e Ox; S e d; B eOy => A la giao diem cua Ox va anh cua Sy 
qua Da- 

Cdch dung: 

- Dung anh Sy’ cua Sy qua Dj 

- Dung A = Ox n Sy’ 

- Dung duang thiing d" qua A, d’ _L d 

- Dung giao diem B cua d’ va Oy 
Ket luan: A; B each deu duang thang d. 

Chung minh: 

Goi H la giao diem cua d; d’ 

Theo each dung ta co A AHS; A BHS la cac tarn giac vuong co canh SH 

chung; ASH = BSH 
=> A AHS = A BHS 
=> HA = HB 

=> A; B each deu duang thang d. 

Bii 3: Cho duang tron (O) vai day cung PQ. Dung hinh vuong ABCD co hai 
dinh A; B nam tren duang thang PQ va hai dinh C; D nam tren duang tron (O). 

Giai 

Phan tich: 

Gia sir da dung duac hinh vuong ABCD thoa man dieu kien cua bai toan 
Goi I la trung diem cua doan thing PQ 
=> 01 la duang trung true doan thing PQ 
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Do do 01 cung la duong trung true doan thing CD 

=> 01 la duong trung tr\rc doan thing AB. 

Vay neu dung dugc hinh vuong canh PQ (Ching han dung duoc hinh 
vuong PQMN nhu hinh ve), khi do duong thang 1M cSt duong tron (O) tai 
C va D = D 0 K C) 

Cach dung: 

- Dung hinh vuong PQMN 

- Dung giao diem C cua duenjg thing IM voi 
duimg tron (O) 

- Dung anh D cud C qua phep doi xung true 01 

(Do.) 

- D\mg hinh chieu vuong goc A cua D tren PQ 
va hinh chieu vuong goc B eda C tren PQ 

Ket luan: Hinh vuong ABCD thoa man dieu C' D' 

kifn cua bdi toan. 

Chung minh: 

Theo each dymg ta qo: 

- Hinh vuong A^BCD co hai dinh A;B nim tren day cung PQ va hai dinh 
C; D nim tren dlrcmg tron (O) (Dpcm) 

Mdt khac do duong thing IM cit duong tron (O) tai hai diim nen co hai 
hinh vuong thoa man dieu ki?n cua bai toan. 

(Hinh ve ben co cac hinh vuong thoa mdn diiu kifn cua bai toan la hinh 
vuong ABCD; A’B’C’D’) 

Bai 4: Cho duong thing d va hai duong tron (O); (O’) nim ve hai phia doi 
yoi d. H5y dtmg hinh vuong ABCD sao cho duong cheo BD nim tren d, 
dinh A nim tren diremg tron (O), dinh C nim tren duong tron (O’). 

Giai 

Ntian xet: 

£Iai diem B; D xac djnh tren duong thing d. Khi do hinh vuong ABCD 
hoan toan xac dinh neu xac djnh duorc diim A hoSc xac dinh dugc diem C. 

Phan rich: 

Gia sir da dung duoc hinh vuong ABCD thoa bai toan 

Phep doi xirng true d (D<j ) bien A thanh C; bien duong trap (O) thmh 
duong tron (O”). Duong tron duong kinh AC di qua B, D. Vay B, D la cac 
giao diem cua duong thing d va dlrcmg tron duong kinh AC. 
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(0)quaD d (1) 

va A = Da (C ) =>C = Dd (A)(2) 

TCr (1) va(2) ta co A e (O). 

M£t khac AC 1 BD va AC = BD 
Vay ABCD la hinh vuong thoa bai toan. 

- Neu (O”) va (O’) co n diem chung thi bai toan co n nghi^m hinh 
(Ducmg tron (O”) va (O’) co hem hai diem chung khi (O”) va (O’) trung nhaa) 


Bi?n luan: 

Bai toan co mot nghiem hinh neu dircmg tron (O”) va duong tron (O’) co 
mot diem chung. 

Bai toan co hai nghiem hinh neu duong tron (O”) va duong tron (O’) co 
hai diem chung. 

Bai toan vo nghiem hinh ndu dudng tron (O”) va duong tron (O’) khong 
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B&i 5: Cho hai ducmg thing c, d cit nhau va hai diem A, B khong thuyc hai 
ducmg thing do. HSy dung diem C tren duang thing c, diem D tren ducmg 
thang d sao cho ABCD la hinh thang can nhan AB la mot canh day. 

Giai 

Phan tick: 

Gia su da d\mg duoc hinh thang can ABCD thoa bai toan. 



- Dung ducmg trung tryc a cua canh AB 

- Dung duang thang d’ la anh cua ducmg thing d qua phep doi xung true D a . 
Gpi C la giao diem cua duang thing c va d’ 

- Dyng anh ciia C qua phep doi xung tryc D a . Ta co D a (C) = D 
Chung minh: 

Theo each dung ta co ducmg thing a la ducmg trung tryc cua cynh AB va 
D a (C) = D 

=t> Duang thing a la duang trung tryc cua canh CD 

Vay tur giac ABCD la hinh thang can nhan AB la mQt canh day. 

Bien luan: 

- Neu d’ // c thi bai toan vo nghi?m 

- Niu d’ cit c thi bai toan co mQt nghiem duy nhat. 

- Neu d’ trung vai c thi bai toan co vo so nghiym 

- Neu d’ cit c tai diem C tren ducmg thing a thi D trung diem C. Taco 
A ABC can tai C 

- Neu d’ cit c tyi di6m C thuQC duang thing AB thi bon diem A; B; C; D 
thing hang. 

Bai 6: H3y dyng tarn deu co ba dinh 

1. nim tren ba ducmg thing song song cho biet truac mot dinh. 

2. nim tren ba ducmg tron dong tarn cho truac. 
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Giai 

1. Phan rich: 

Gia sir da dung dirge tam giac ABC deu co ba dinh A: B; C lan lugt nam 
tren ba dirang thang song song a; b; c (veri A cho trade thuoc dircmg thang a) 
(hinh ve) 



Khi do ta co C la anh cua B qua phep quay Q 6()0) . 

Mat khac tacoC e c;B e b 

Vay C la giao diem cua c va duemg thang b' la anh cua dirang thang b 
qua phep quay Q (A 6()0) 

Khi da co dinh C, suy ra dinh B la anh cua C qua phep quay Q 6()0) 
Cdch dung: 

- Dung duerng thang b" = Q ( ^ 6()0 ( (b). Goi C la giao diem cua c va b' 


- Dimg B = Q (A _ 60 c.j (C). 

Chung minh: 

Theo each dimg ta co AB = AC va BAC = 60° nen tam giac ABC deu. 
M&t khac ta co C la giao diem cua c va b'nen C thuoc c. 


Ta co b' = 


(A.60°: 


(b) nen 


(A.-60°) 


(b'). Ma B - Q 


(A.-60°) 


(C) va 


C thuoc dircmg thang b' 
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. => B thuoc duong thang b 

Vay tam giac ABC da dung thoa man bai toan. 

Bien luan: 

Ta co the xac d|nh b' = Q (A _ 6q0) (b) va C la giao diem cua c va b". IChi 

J ° B = <W.<° 

Vay bai toan co hai nghiem 
2. Phan tich: 

Gia sir da dung dugc tam giac ABC deu co ba dinh A; B; C Ian lugt nam 
tren ba ducmg tron dong tam (Ci); (C2); (C3). (hinh ve) 

Khi do ta co C la anh cua B qua phep quay Q 6()0 ( . 

Mat khac ta co C e (C3); B e (C2) 

Vay C la giao diem cua (C 3 ) va (C^) la anh cua (C 2 ) qua phep quay Q ( A ^ } 
Khi da co dinh C, suy ra dinh B la anh cua C qua phep quay Q ( A 6()0) 
Cach dimg: 

Chon mot diem A bat ki thuoc (C|) 

- Dung (C’ 2 ) la anh cua (C 2 >qua phep quay Q (A 6Q0) . Goi C la giao diem 

cua (C 3 ) va (C’ 2 ) 

- Dung B = Q (A _ 6o0) (C). 

Chimg minh: 

Theo each dung ta co AB = AC va BAC = 60° nen tam giac ABC ddu. 
Mat khac ta co C la giao diem cua (C 3 ) va (C’ 2 ) nen C e (C 3 ) 

Ta co (C' 2 ) la anh cua (C 2 )qua phep quay Q (A6()0) nen (C 2 ) la anh cua 

(C' 2 ) qua phep quay Q (A _ 6( , 0) • Ma B = Q (A _ 6o0) (O va C thugc (C’ 2 ) 

=> B thupc (C 2 ). 

Vay tam giac ABC da dgng thoa man bai toan. 

Bi<>n luan: 

+ Ta co the xac djnh (C’ 2 ) la anh cua (C 2 )qua phep quay Q (A _ 60 o } va C la 

giao dilm cua (C 3 ) va (C' 2 ). Khi do B = Q (A 6q0) (C) 

+ Gia su.Ri; R 2 ; R 3 lan luot la ban kinh cua (Ci); (C 2 ); (C 3 ). 

Goi O la tam cua ba dudng tron (C|); (C2); (C3) va O’ = Q 6()0) (0). 
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Khi do OO’ = R, 

- Neu R i < Rt + R 3 thi bai toan co 4 nghiem 

- Neu R| = R 2 + R 3 thi bai toan co 2 nghiem 

- Neu R| > R 2 + R 3 thi bai toan vo nghiem 



Bai toan 3: Xac djnh anh cua mgt hinh qua phep biin hinh 
Vi dy: 

Bai 1: Tim anh M’ cua M(x 0 ; y 0 ) qua phep doi xung true Dj. 

BiSt d: Ax + By + C = 0 (veri A 2 + B 2 * 0) 

Giai 

Gpi M’(x’; y’)la diem doi xung cua M(x 0 ; y 0 ) qua phep doi xung tryc D<j 
Truong hop!: Diem M(x 0 ; y 0 ) e d 
Khi do diem NT = M(x 0 ; y 0 ) 

Truong hop2: Diem M(x 0 ; y 0 )« d 

Gpi H la trung diem doyn thing MM’. Khi do H la giao diem cua dutmg 
thing MM’ va d 

Phucmg trinh dirong thing MM’ la: B(x - x 0 ) - A(y - y 0 ) = 0 
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Vav Ht B2X » ~ BAy ° ~ AC • A2y » ~ BAx o ~ BC \ 

• y 1 b 2 + a 2 ’ b 2 + a 2 

Mat khac ta co: 


, Bx 0 -BAy 0 -AC 

X '+ X 0 = 2.-2—5-^- 

0 B 2 +A 2 


B 2 x 0 -BAy 0 - AC 
B 2 +A 2 


v'+v -2 A2 yo~ BAx o-BC A 2 y 0 -BA x 0 -BC 

y yo t^ 2 , A 2 y ,j y 


B + A 


B- + A' 


VarM-(2 B!x “~ BAy °~ AC ;1 -2 A V. —BAx, —BC 
■ y 1 B : + A J B ! +A> y " ,U 

Bai 2: Tim anh M’ cua M( 11; 3) qua phep doi xung tryc Da. 


Biet d: 4x + 3y -3 =0 


Giai 


Taco: 4.11+3.3-3 * 0 => M(11; 3) e d 

Gpi M’(x’; y’)la diem doi xung cua M(11; 3) qua phep doi xung true D d 
Cach 1: (Trinh bay nhu bai 1 voi toa dp diem M va phuong trinh duong 
thing d cy the). 

Gpi H la trung diem doan thing MM’. Khi do H la giao diem cua duemg 
thing MM’ va d 

Phuorng trinh duong thing MM’ la: 

3(x - 11) — 4(y - 3) = 0 
=>3x -4y -21 =0 

Toa dp diem H la nghiem cua hp phuorng trinh: 


4x + 3y -3 = 0 


x = 3 


[3x - 4y -21 =0 [y = -3 

Vay H(3; -3) 

Mat khde ta co: 


x'+11 = 2.3 


=> M’(-5; -9) 


[y'+3 = 2.(-3) [y’ = -9 

Chu y: Co the trinh bay lori giai bai toan tren bang each giai bai 1 roi ap 
dung cong thuc (*) de co toa dp diem M’. 

Cach 2: 

t 7 

Gpi H la hinh chieu vuong goc cua M tren duong thang d. 

Ta co: He d va MH _L u (voi u = (3; -4) la mpt vectu chi phuemg cua 
duong thing d) 
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H (3 a; 1 - 4a) 


(MH = (3a -1 l;-4a - 2) 1 u 


=5 MH. u = 3(3a - 11 )+ (-4) (-4a - 2 ) = 0 


=> a= 1 =>H(3; -3) 

Mat khac ta c 6 H la trung diem doan thing MM’ nen suv ra: 


x'+l 1 = 2.3 
y'+3 = 2.(-3) 




x' = -5 
y' = -9 


M’(—5; -9) 


B£i 3: Tim phuong trinh duong thing a’. Biit a’ la anh cua ducmg thing a 
qua phep doi xung tryc D d . 

X 6 t a; d nhu sau: 

1. a: x + y + 1 = 0; d: x + y -3 =0 

2. a: x - 3y + 11 = 0; d: 3x + y - 3 = 0 

3. a: x - 3y + 3 = 0; d: 4x + 3y - 3 = 0 


Giai 


1. Nhan xel: Ta co a // d nen a’ // a 

Cach I: (Dung ket qua bai ltheo cong thirc (I)) 

Xet M(x 0 ; y 0 ) bit ki thuQC a=>x 0 + y o +l = 0(l) 

i r * 

Gyi M’(x’; y’)la diem doi xung cua M(x 0 ; y 0 ) qua phep doi xung tryc D d 
Taco M(x 0 ; y 0 ) e a => M’(x’; y’) e a’ 

Theo cong thuc (I) cua bai 1 ta co: 


x'~ 2( x 0 -y 0 + 3) ;c 


... 2(y 0 -Xo+3) .. 

y y o 


y 0 =3-x' 


L x o ~3-y 


.( 2 ) 


Thay (2) vio (1) ta duQfc: (3 - x’)+ (3 - y’) + 1 = 0 => x’ + y’ - 7 = 0 
Vyy phuofng trinh duimg thing a’ Id: x + y - 7 = 0 
Cdch 2: (Dung ket qua bai 1 theo cong thuc ( * )) 

Ta co A(0; -1) e a => A’(4; 3) la diem doi xung cua A qua ducmg thing d 
=> A'(4: 3)e a' 

Ducmg thing a' // a va ducmg thing a’ di qua A\4; 3) nen phucmg trinh 
dujng thing a’ la: 

l.(x - 4) + 1 (y — 3) = 0 => x + y - 7 = 0 
Cach 3: 


Ta co A(0; -1) e a =* A’(4; 3) e a’ 

Ta co B(-l; 0) e a => B’(3; 4) g a’(Theo cong thirc (*) cua bai 1) 
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Duong thang a’ di qua diem A’(4; 3) va nhan A' B ’ = (-1; 1) lam vector chi 

, X — 4 y — 21 

phucmg nen phucmg trinh ducmg thang a la: —— = ~ x + y - 7 = 0 

2. a: x - 3y + 11 = 0; d: 3x + y -3 =0 

Nhgn xef. Anh cua duong thang a vuong goc ducmg thij g d qua phep ddi 
xung tryc Dd la chinh no. 

Ta co n, = (1; -3) la mot vecto phap tuyen cua duong thang, ava n, = (3; 1) 
la mpt vecto phap tuyen cua duong thang d 

Mat kMc taco n, . n 2 = 1.3 + (-3).l =0 => n, 1 n 2 


a 1 d => a’s a: x-3y +11=0 
3. a: x-3y + 3 = 0; d: 4x + 3y -3 =0 
Nhgn xef. 


- Duong thing a; d khong song song voi nhau. 

- Duong thang a; d khong vuong goc voi nhau. 

- Duong thang a; d khong trung nhau. 

Vay: Anh cua duong thang a qua phep doi xung true Dj la duong thang 
a’ di qua giao diem cua a va d. 

Cdch 1: 

Toa do giao diem I cua ducmg thing a va duong thing d la nghipm cua hp 
phucmg trinh: 


jc-3j> + 3 = 0 
4x + 3^-3 = 0 


fx = 0 



=> 1 ( 0 ; 1 ) 


Vay 1(0; l)e a’ 

9 18 

Taco A(-3; 0) g a => A\-; —) g a’(Theo cong thurc C) cua bai 1) 

5 5 


Duong thang a’ di qua 1(0; 1) va nhan IA ’ = -- (9; 13) lam vecto chi phirong 

nen phucmg trinh duong thing a' la: 

~ = => 13x - 9y + 9 = 0 

9 13 

Ket luan: Phucmg trinh duong thing a' la: 13 ; - 9v + 9 0 

Cdch 2: (Dung ket qua bai 1 theo cong thuc ( i )) 

Xet M(x 0 ; y 0 ) hat ki thuoc a =>x 0 - 3 y 0 + 3 - 0 (a) 

Goi y') la diem doi xung cua M(x 0 ; y 0 ) qua phep toi xung true Dd 

Ta co M(x 0 ; y 0 ) e a =?> M"(.\’; y’) e a’ 
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1 heo cong there (I) cua bai 1 ta co: 

-8(4x 0 + 3y 0 -3) 


x = 


■=> 


x o 


25 

-6 (4x 0 + 3y 0 -3) 
25 

24 - 7x24y ’ 


+ x, 


+ >'< 


7x 0 + 24y 0 - 24 + 25x 1 = 0 
24x 0 -7y 0 -18 + 25y’ = 0 


y 0 = 


25 

18 - 24x ’+ 7y 
25 


, (b) 


1X . s , 24- 7x’-24y ’ , 18-24x'+7y’ , A 

ihav(b) vao (a)taduoc: ---—3.-h3 = 0 

' v ‘ . 25 25 

=>65x'-45y’ + 45 = 0 => 13x’ -9y' + 9 = 0 

Vay phucrng trinh duang thing a' la: 13x’ - 9y' + 9 = 0 

Bai 4: Trong mat phing vcri hg tpa do Oxy. 

Cho duang tron (C): (x -1 ) 2 + (y - 2 ) 2 = 4 va duang thing d: x ■- y.i- 1 = 0. 

Viet phircmg trinh duang tron (C) doi xung vai duang tron (C) qua duang 

thing d. Tim tpa do cac giao diem cua (C) va (C’). 

Giai 

Chiiy: 

- Neu I e d thi (C’)s(C) 

- Neu I g d thi (C’) co tarn T la anh cua tarn I cua (C) qua dudng thing 
d va duang tron (C’) co ban kinh bing ban kinh cua duang tron (C) 

Cdch 1: 

Dirdng tron (C) co tarn I( 1; 2), ban kinh R = 2. 

Goi H(xh; yu) la hinh chieu vuong g 6 c cua 1 
tren ducrng thang d: x - y - 1 = 0 . 

- y.. ~ 1 = 0 


i 


Ta co he 


X H ->H “ 1 = 0 

IH 1 u = (1; I) 




IH.u = 0 


kJ 

] 

y 

1 

( (C) 

d 

r-. 

> ' 

1 


(u : la mot vecta chi phuang cua d; IH = (xn - 1; yu 
1=0 


2 )) 


r 


->'h 


x h i + y h 2 — 0 




X„ =2 

y H =1 


Vay H(2; 1) 

Duang tron (C’) co tarn T, ban kinh R’ 

=> T doi xung I qua duang thang d, R' = R = 2 



Ta c6: H la trung diem doan II' 
Jx, = 2x H -x, =4-1 = 3 
^ |y,- -=2y H -y, =2-2 = 0 


I'(3; 0) 


=> Phuong trinh duong tron (C’) la: (x - 3 ) 2 + y 2 = 4 
Cdch 2: (Dung ket qua bai 1 theo cong thuc ( I)) 

Xet M(x c ;} (> ) bat ki thupc duong tron (C) => (x 0 -1 ) 2 + (y„ - 2 ) 2 = 4 (1) 
Gpi M’(x’; y’) !a diem d 6 i xumg cua M(x 0 ; y 0 ) qua phep 46i xung tryc D<| 
Tac 6 M(x 0 ;' 0 ) e (C) => M’(x’;y’) e (C’) 

Theo cong thuc (I) cua bai 1 ta co: 



-2(x 0 -y 0 -i) 


+ x. 


2(x 0 -y 0 -l) 


+ y 0 


x’ = y 0 +l 
y’ = x 0 -i 


y 0 =- l + x ' 
,x 0 = l + y' 


( 2 ) 


Thay (2) vao (1) ta dirge: 

(1 + y’- 1) 2 + (-1+x’-2) 2 =4 =>(x’-3) 2 + (y’) 2 = 4 
Vay phuong trinh duong trdn (C’) la: (x - 3) 2 + y 2 = 4 
*Xdc djnh tpa dp ede giao dtfbtt cua (C) vd (C) 

Tpa dQ giao di£m cua (C) va (C’> la nghi?m cua hp phuong trinh: 

(x-3) 2 + y 2 =4 f(x-3) J + y 2 =4 

.(x-1) 2 +(y-2) 2 =4 ^ |y = x-1 



Vay hai duong tron (C) va (C’) co cac giao diem la: (1; I, (3;2) 
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Bai 5: Trong m&t phing vori hp tpa dp Oxy. Cho duang tron (C): x 2 + y 2 - 
lOx - 4y + 27 = 0 va duang thing d: 2x - y - 3 = 0. Viet phucmg trinh 
duang tron (C’) doi xung vai duang tron (C) qua ducmg thang d. 

Giai 

Cdch 1: 


Duong tron (C) co tam 1(5; 2), ban kinh R = sfl. Gpi H(x h ; yH) la hinh 
chieu vuong goc cua I tren duang thing d: 2x - y - 3 = 0. 


Khi do ta co: 


H(a;2a -3) 

IH J_ u = (1; 2) 


(u : 1& mot vecta chi phucmg cua d; IH = (a - 5; 2a - 5)) 


=> IH.u = (a - 5 ) + 2(2a - 5) = 0 
=> 5a —15 = 0 => a = 3 
Vay H(3; 3) 

Duang tron (C’) co tam I’, ban kinh R’ 


=> I’ doi xung I qua duang th&ng d, R’ = R = yjl 
Ta co: H la trung diem dopn II’ 


x,. = 2 x. 


6-5 = 1 


= 2 y H -yi = 6-2 = 4 


r(i;4) 


=> Phuang trinh dudmg tron (C’) la: (x - 1 ) 2 + (y - 4 ) 2 = 2 
Cdch 2: (Dung kit qua bai 1 theo cong thuc (I)) 

Xet M(x„; y 0 ) bat ki thupc duang tron (C) 

=> x 0 2 + y D 2 -10x o - 4y 0 + 27 = 0 
=> (x 0 -5) 2 + (y 0 -2) 2 = 2(1) 

Gpi M’(x’; y’)la diem ddi xung cua M(x 0 ; y 0 ) qua phep doi xung tryc D d 
Taco M(x 0 ; y 0 ) e (C) => M’(x’; y’) g (C') 

Theo cong thuc (I) cua Mi 1 ta co: 

x‘ = -« 2x .-r.-3> „ 

y ,= 2(2x a -y.-3) +yi 


5x’ = -3x 0 +4y 0 +12 
5y‘ = 4x 0 +3y 0 -6 


*o = 


y« = 


—3x'+ 4y *+12 
5 

4x'+3y'-6 

5 


( 2 ) 
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Thay (2) vao (1) ta dirge: (— 


-3\'+ 4y'+12 


-5) 2 +( 


4x'+3y'-6 


- 2) 3 =2 


=>(-3x‘ + 4y’ - 13) 2 + (4x’+3v'-16) 2 = 50 
=> (x ') 2 + (y ’) 2 - 2x' - 8 y’ +15 = 0 
=> (x- l) 2 + (y'-4 ) 2 = 2 

Vay phurang trinh dtromg tron (C’) la: (x - 1 ) 2 + (y - 4 )" - 2 
Bai 6: Trong mat phang vai he toa do Oxy. Tim anh M’ cua M(x 0 ; y 0 ) qua 
phep quay Q i0 .a) 


Xet M(x 0 ; y 0 ) bat ki thuoc mat phang Oxy 

Goi M’(x’; y’) la anh cua M(x 0 ; y 0 ) qua phep quay Q<o. < ) 



=> M‘( x ri .cosa - y o .sina ; y o .rosa + A-„.sin«r). 

Vay anh cua M(x 0 ; y 0 ) qua phep quay Q(o,cr) la: 

M'( V,.cosa-x,.sina ; i',.cosa + x u .sinor ).(*) 

Bai 7: Trong mat phang vai he toa do Oxy, tim anh M’ cua M(x„; y 0 ) qua 
phep quay Q ( i.cr >• Biet I(a; b). 

Giai 

Xet M(x 0 ; y 0 ) bat ki thuoc mat phang Oxy 

Goi M"(x"; y’) la anh cua M(x 0 ; y 0 ) qua phep quay Q ( i,o 
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=>1M'= IM vd(IM; IM") = a 

Doi hg toa do Oxy vc goc 1 hang each tjnh tien theo vector OI thanh he 

X = x -a 


toa do IXY. Cong tlu'rc doi lie toa do la: < 


x = X + a 
y = Y + b 


Y = y -b 


Trong he toa do IXY ta co M’( X’; Y") va M(X C ; Y c ) thoa man: 


f X 1 = x 


a 


Y' = y b 


X„=>.-a 
Y = v -b 


(a) 


Trong he toa do IXY theo oong thuc ( I ) cua bai 6 ta co: 

X' = X„.cosa-Y„.sinr 

(1) 

Y' = Y 0 .cosa + X 0 .sino 
Thay (a) vao (i) ta duoc: 

x'-a = (x 0 -a).cosa -( -b).sina 
y'-b = (y 0 -b)jcosa + (x -a).sina 

x' = (x 0 -a).cosa-(y 0 - ' ).sina + a 
y' = (y 0 -b).cosa + (x 0 - \sina + b 
Vay M’((x 0 -a).cosa -(y 0 -b, ina + a;(y 0 -b).cosa + (x o -a).sina + b ).(l 
Co the dp dung bdi 7 de giai cd hai loan sau: 

B&i 8 : Trong mat phing Oxy. Tim a h M’ cua M(2; 2) qua phep quay Q<i.er». 


(*) 


Tt 


Biet 1(0; 1), or = — 

4 


t iai 


Goi M’(x’; y’) la anh cua M qua p *p quay Q ( i,« > 

=>1M’ = IM va (IM; IM’)= or 
Theo cong thuc (*) cua bai 7 ta co: 

x' = (x M -x,).cosa-(y M -y,)..xina + x, 

.y’ = (y M -y,).cosa + (x M -x l )^ina + y, 

V2 V2 _ 72 
2 “ 2 


x ’ = (2 - 0 ).cos — - (2 - l).sin — + 0 = 2 .- 
4 4 2 


v' = (2-l).cos —+ (2-0).sin —+ 1 =-1-2.— + 1 =3.-i-l 

4 4 2 2 2 

VayM'(~;3.^ + l) 
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Bai 9: Trong mat phang vdi he toa dp Oxy, tim phirang trinh cua dudmg 


tron (C’). Biet (C’) la anh cua dudng tron (C): x 2 + y 2 - 2x + y + 1 =0 qua 


phep quay Q„. a >; U1; 0); a = -. 


Giai 


Cach 1: 


Xet M(x 0 ; y 0 ) bat ki thu^c dudng tron (C): x 2 + y 2 - 2x + y + 1 = 0 

=> Xo 2 + y 0 2 - 2x c + y 0 + 1 = 0 

=>(x 0 -l ) 2 + (y 0 + ^) 2 = - (1) 

2 4 

G<?i M’(x’; y’)la anh cua M qua phep quay Q ( i. a > 

=>IM’ = IM va (IM; IM’) = a 

fx' = (x n -x.).cosa-(y -y.t-sina-i-x, 

Theo cong thuc (*) cua bai 7 ta co: 

y’ = (yo-yi)-cosa-Mx„-x l )3ina + y 1 


x' = (x o -l).cos^-(y o -0).sin^ + l = -y o +l = _ x -+l 

=>| ‘ => ° = , +1 (2) 
y , = (y 0 -0) c os^ + (x o -l).sin^ + 0 = x o -l t ' X ° y 

Thay (1) vao ( 2 ) ta dupe: 

(y’+l -1 ) 2 + (-x’+l + -) 2 = - => (x’- -) 2 +(v’) 2 = I 

2 4 2 4 

Vay phuong trinh dudng tron (C’) 1£: ( x - — ) 2 + y 2 = - 

2 4 

Cdch 2: 

Dudng tron (C): x 2 + y 2 - 2x + y + 1 = 0 co tam J( 1; —— t; ban kinh R = - 

2 2 

G<?i R’; J’ l&n lugt la ban kfnh va tam cua duang tron (C ) 

=> R’ = R = - ; J’ Id anh cua J qua phep quay Q ( i a ) (vdi (1; 0 )\a = — ). 

2 2 


=> J’( — ; 0) (theo cong thuc (b) cua bai 7). 

3 -> 1 

Vay phuemg trinh dudng tron (C’) la: ( x- ) 2 + y 2 = - 

2 4 
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Bai 10: Trong mat phang voi he toa do Oxy, tim anh M’ cua M(x„; y„) qua 
phdp vj ty V ( | k) . Biet I(a; b). 


Giai 

Xet M(x 0 ; y„) bat ki thuoc mat phang Oxy 
Ctoi M’(x’; y')la anh cua M(x 0 ; y 0 ) qua phep vj tu V (! k) . 

Ta co: M' = k IM (Voi IM*’ - (x’ - a; y’ - b);.IM = (x 0 - a ; y c - b)). 


=> 


x'-a = k(x 0 -a) 
[y'-b = k(y 0 -b) 


[ x' = kx 0 +(1 -k)a 


[y , = ky 0 +(l-k)b 



Vay M’(fo„ +(1 -k)a;ky 0 +(1 -k)b ) 

Co the ap dung bai 10 de gidi bdi torn sau: 

B&i 11: Trong mat phang voi he toa do Oxy. Tim anh M’ cua M(l; 3) qua 
phep vj tu V ( i k) . Biet 1(2; 4); k = - 5. 

Giai 

Goi M’(x’; y’) la anh cua M qua phep vi tu V ( i, k) . 

Theo cong thuc (*) cua bai 10 ta co: 

x' = kx M + (l-k)x, = (-5).l + 6.2-1 
y' = ky M + (1 -k)y, = (-5).3 + 6.4 = 9 


Vay M'(7; 9). 

Chuy: Ban dpc co the trinh bay l&i gidi bdi / / nine bdi 10 v&i x„ = 1; y 0 - 3; 
a = 2; b = 4; k = - 5. (khong dung cong thuc (*)). 

Bai 12: Trong mat phang voi he toa do Oxy, cho phep vi tu tarn 1(1; ); 


ti s 6 k = 3. 

1. Tim phuong trinh duong thang d'. 

Bi4t d’la anh cua duong thang d: 3x + 6 y + 7 = 0 qua phep vj ty V ( i. k) . 

2. Tim phuong trinh duong tron (C’). 

Biet (C') la anh cua duong tron (C): '(x -3 ) 2 + (y + 5 ) 2 = 9 qua phep vj 


ty V(i.k). 

3. Tint phuong trinh duong tron (C’). 

Biet (C”) la anh cua duong tron (C): x 2 + y 2 -lOx - 8 y +14 = 0 qua 
phep vj ty V ( i,k). 


Giai 


1. Cdch 1: 

Xet M(x 0 ; y 0 ) bat ki thuoc duong thang d: 

3x + 6y + 7 = 0 => 3x 0 + 6 y 0 + 7 = 0 (1) 
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Goi y’)la anh cua M(x e ; y 0 ) qua phep v| tir V r ([ kJ (vcri I( 1; ); k = 3). 

=> IM' = 3 IM (Vai IM*’ = (x’ - 1; y’ + I); IM = (x 0 - 1; y 0 + i )). 


x’-l -3(x 0 -1) 

y4-3(y B + I)^ 


x’+ 2 


X o = 


y 0 = 


y’-i 


( 2 ) 


Thay (2) vao (1) ta dugc: 3. X + 6 .-—- + 7 = 0 => x' + 2y’ + 7 = 0 

Vay phuang trinh duang thang d’ la: x + 2y + 7 = 0 
Cdch 2: 

Taco: 3.1 + 6 .(--) + 7 * 0 => 1(1;--) e d: 3x + 6 y + 7 = 0 

Vay d’ // d nen phuang trinh duong thing d’ co dang: 3x + 6 y + C = 0; 

(C * 7). 


Ta co A(--j; 0) thugc duang thSng d: 3x + 6y + 7 = 0. 


1 


Gpi A’(x’; y’) la anh cua A qua phep vj ty Vq.k) (vai I( 1; —— k — 3). 


=> IA' = 3IA (v<5ri IA' = (x’ - 1; y’ + i); IA = (- j)). 

Sm0 J M 




x’-l = 3(-y) 





=>A’(-9; 1) e d’:3x + 6y + C = 0 

=>3(-9) + 6 + C = 0 C = 21 (thoaman dieu ki?n) 

Vay phuang trinh duang thing d’ la: 3x + 6y + 21 =0 x + 2y + 7 = 0 
2. Cdch 1: 

Xet M(x 0 ; y 0 ) bat ki thugc ducmg tron (C): (x - 3) 2 + (y + 5) 2 = 9 
=>(x 0 - 3) 2 + (yo + 5) 2 = 9 (1) 

l 

Goi M’(x’; y’) la anh cua M(Xo; y 0 ) qua phep vi ty V (Lk) (v6i 1(1; k = 3). 


=>M’(x’; y’)e(C’); IM' =3IM 


46 



(Vcri IM' = (x‘ - 1; y’ + 


x 1 — 3(x n -1) 

> ' 1 1 

|y'+- = 3(y 0 +-) 


\_ 

2 


); 


IM = (x 0 - 1; y 0 + 





x'+ 2 

3 ( 2 ) 
y'-l 

3 


Thay ( 2 ) vao ( 1 ) ta dirge: 

(^2-3 ) 2 + (^-+5 ) 2 = 9 =»(x’-7 ) 2 + (y’ + 14) 2 = 81 
3 3 » 

Vay phuemg trinh dirong tron (C’) la: (x - 7 ) 2 + (y + 14) 2 = 81 

Caclt 2: 

Birang tron (C): (x - 3 ) 2 + (y + 5 ) 2 = 9 c 6 tn-.t A(3: 5); ban kinh R - 3 

Goi R'; A’ lan lugt la ban klnh va tain cua .irimg tron (€') 

=> R’ = 3R = 9; A’(x’; y") la anh cua A qua phep vj Ur V (i Ai 1( t — ); 

i 2 

k = 3). 

=> IA' = 3 LA (vcri fA 1 = (x’ - 1; y' + - ); IA - (2; --}). 

2 2 


x1 = 6 
, 1 27 

y 


x' = 7 


=> s 



=> A*(7; - 14). 


Vay phircmg trinh dirbmg tron (C’) la: (x - 7 ) 2 + (y + 14) 2 = 81 
3. Caclt l: 

Xit M(x 0 ; y 0 ) bat ki thuoc ducmg tron (C): x 2 + y 2 -lOx - 8 y +14 = 0 
- x 0 2 + y „ 2 -10x o - 8 y 0 +14 = 0 =>(x 0 - 5 ) 2 + (yo - 4 ) 2 = 27 (1) 


Goi M’(x’; y’) la anh cua M(Xo; y 0 ) qua phep vj tur V„, k) (vdri I (1; k = 3). 


^M^x’ty^eCC’); IM' = 3IM 

(Vcri FlvT' = (x’ - 1; y’ + ]■); IM = (x 0 - 1; y 0 + \ ))• 


=> i 


x’-l = 3(x 0 -l) 

y’+^ = 3(y 0 +^) 


x'+ 2 
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Thay (2) vao (1) ta dirge: 

(~~ ~ 5) 2 + (~ 4) 2 = 27 =>(x- 13) 2 + (y’~ 13 ) 2 = 243 

Vay phuong trinh dudmg tron (C’) la: (x - 13) 2 + (y - 13 ) 2 = 243. 

Cdch 2: 

Ducmg tron (C): x 2 + y 2 -lOx - 8y +14 = 0 co tarn A(5; 4); ban kinh R = 3 V3 
Gpi R’; A’ lan lupt la ban kinh va tam cua duong tron (C') 

=> R’ = 3R = 9 V3 ; A’(x’; y’) la anh cua A qua phep vi tu Vy k) (vdi 

1(1;-1); k = 3). 

=> LV = 3 LA (voi LV = (x’ - 1; y’ + — ); IA = (4; — )). 

2 2 


x1 = 12 

, 1 27 => 

y + — = — 

2 2 


x' = 13 
y 1 = 13 


=> A'(13; 13). 


Vay phuong trinh duong tron (C’) la: (x - 13) 2 + (y - 13 ) 2 = 243. 

BSi 13: Cho hinh vuong ABCD co tam I. Tren tia BC lay mot diem E sao 
cho BE = AI. 

1. Xae djnh phep doi hinh bien A thanh B va 1 thanh E. 

2. Dung anh cua hinh vuong ABCD qua phep doi hinh tren. 

Giai 


1. Gpi a la duong trung true cua canh AB; b la duong trung true cua canh IE 
Ta co D a ( I) = I; D a (A) = B; 

D b ( I) = E; Dt(B) = B 

Do do phep doi xung tryc D a bien duong thing IA thanh duong thang IB; 

phep doi xung tryc D b bien duong thing IB thanh duong thing IE 
Vay phep hpp thanh cua D a ; Db (la mpt phep doi 
hinh) bien duong thing IA thanh duong thang BE 
Chu y : Phep doi hinh tim dupe khong phai la 
duy nhat. Ban doc co the tim nhieu phep doi hinh 
khac bien duong thing IA thanh duong thing BE 

2. Ta co phep doi xung tryc D a bien A; B; C; D 
theo thu ty thanh B; A; D; C. 

Phep doi xung true D b bien B; A; D; C theo 
thu tu thanh B; A’; C'; D' (Hinh v6) 

Vay phep hpp thanh cua D a ; B b bien hinh vuong ABCD thanh hinh vuong 



BAT'D” 
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B&i 14: Trong m&t phAng Oxy, cho v = (3; 1) va duang thAng d: 2x - y = 0. 
Tim anh d’ cua d qua phep ddi hinh co dugc being each thuc hien lien tiep 

9 _ 9 

phep quay Q (| a) va phep tjnh tien T y . Biet: 

1. Diem I trung vai goc toa do 0(0; 0); a = 90° 

2. Di6m 1(2; 1); a =90° 

3. Diem I( -2; 2); a =30° 

Giai 

1. Cach l: 

Goi M(x’; y’) la anh cua diem M(x 0 ; y 0 ) bat ki thuoc duang thang d: 
2x - y = 0 qua phep quay Q (0a) . 


Theo cong thuc (I) cua bai 6 ta co: 
x' = x„.cosa-y„.sina 

o * o 


[y , = y 0 .cosa-»-x 0 .sina 


(vai a = 90° ) 


=> \ 


x ' = -y 0 
[y’ = x o 


x „=y 
[y 0 =~ x 


M) 


Mat khac ta co: M(x 0 ; y 0 ) e d: 2x - y = 0 2x 0 - y 0 - 0 (b) 

Thay (a) vao (b) ta dugc: 2y’+ x’= 0 (c) 

Gia sir M’(x’; y’) thoa man: T- (M’) = M”(x”; y”). Khi do ta co: 


f x" = a + x' 


[y" = b + y' 


(v6i v= (a; b) = (3; 1) ) 


Jx" = 3 + x' 

ly" = i+y' 


x' = x"-3 
y'= y"-l 


(d) 


Thay (d) vao (c) ta dugc: 2(y” - 1) + (x” - 3) = 0 => x” + 2y” -5 = 0 
Ta co M”(x”; y”) la anh cua M qua qua phep dai hinh co dugc bang 
cich thyc hien lien tiep phep quay Q (I (1) va phep tjnh tien T^. 


=* M”(x”;y”) e d’ 

Vay phuong trinh duang thang d’ la: x + 2y -5 = 0 
Cach 2: 

Ggi d| la anh cua d qua phep quay Q(o tt )^ v d f ‘ a = 90° )=>d ±dj va d’ la 
anh cua di qua phep tinh tien T ; 

Ta co 0(0; 0) e d: 2x - y = 0 nen d] qua 0(0; 0) 

Vay di-qua 0(0; 0) va d ± d| nen phuong trinh duang thang d| la: 
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l(x - 0) + 2(y - 0 ) = 0 => x + 2y = 0 
Ta co u = (2; - 1) la mpt vector chi phiromg cua during thing di: x + 2y = 0 
=> u; v khong cung phuong d t // d’ 

=> Phucmg trinh d’ co dang: x + 2y + C = 0(C * 0) 

Ta co anh cua 0(0; 0)e d| qua phep tinh tien T la 0’( x’ 0 ; y’ 0 ) thuoc d’ 


Mat khac ta co: 


x' o =a + 0 = 3 

y' o =b-+0 = l 


=>0’(3; 1) e d’ =>3 + 2.1 + C = 0 =>C=-5 
V$y phuomg trinh duong thing d’ la: x + 2y - 5 = 0 
2. Cdch 1: 

Gqi M(x’; y’) la Snh cua diim M(x<>; y 0 ) bit ki thuoc duong thing d: 2x - y = 0 
qua phep quay Q (1 a) . (vrii 1(2; 1); a = 90°) 


Theo cong thuc (*) cua bai 7 ta co: 
x' = (x 0 - 2).cos90° - (y 0 - l).sin90° +2 f x' = 3 - y 0 f x 0 = y'+l 

y' = (y 0 - l).cos90° + (x 0 - 2)sin90° +1 ly’ = x 0 -1 |y 0 =3-x' 

M$t khac ta co: M(x 0 ; y 0 ) e d: 2x - y = 0 => 2x 0 - y 0 = 0 (b) 

Thay (1) vao (b) ta du<jrc: 2(y’ + 1) - (3 - x’)= 0 

=> x’ + 2y’-l =0(2) 

Gia su M’(x’; y’) thoa man: T- (M’) = M”(x”; y”). Khi do ta c6: 


x" = a + x' 

(voi v = (a; b) = (3; 1)) 

y"= b + y 




x" = 3 + x' 
y " = 1 + y' 


x' = x3 
y' = y1 


(d) 


Thay (d) vao (2) ta duqrc: (x” - 3) + 2(y” - 1) - 1 =0 => x” + 2y” ~ 6 = 0 
Ta c6 M”(x”; y”) la anh cua M qua qua phep drii hinh co dupe bing 

A 9 A 

cich thyrc hi?n lien tiep phep quay Q (1 a) va phep tinh tien T y . 


=> M”(x”; y”) e d’ 

V|iy phuong trinh during thing d’ la: x + 2y - 6 = 0 
Cdch 2: 

Gpi di la anh cua d qua phep quay Q () a) (voi 1(2; 1); a =90°) 

=> d _L d| va d’la anh cua di qua phep tinh tien T 

Ta co 0(0; 0) e d: 2x - y = 0 nen di di qua 0’(x’; y’) = Q () a) (0) 
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Theo cong thuc (*) cua bai 7 ta co: 


x' = (0 - 2).cos90° - (0 - l).sin90° + 2 
i => 

y' = (0 - l).cos90° + (0 - 2).sin90° +1 



=> 0’(3; - 1) 


Ta co d _L d| va d| qua 0’(3; - 1) nen phucmg trinh duong thing di la; 

l(x-3) + 2(y+ 1) = 0 => x + 2y - 1 =0 
Ta co u = (2; - 1) la mpt vecto chi phucmg cua duong thing di: x + 2y - 1 = 0 
=> u; v khong cung phucmg => d|//d’ 

=> Phucmg trinh d’ co dang; x + 2y + C = 0(C * - 1 ) 

Ta co anh cua 0’(3; -l)e d| qua phep tinh tien T c la 0”( x’ 0 ; y’ 0 ) thupc d’ 


Mat khac ta co: 


x'=a + 3 = 6 

, 0 (viv= (a; b) = (3; 1) ) 

[y' c =b-l = 0 ' 


=>0”(6; 0) e d’ =>6 + 2.0+ C = 0 => C=-6 
V£y phucmg trinh duong thing d’ la: x + 2y - 6 = 0 
1. Cdch 1: 

Goi M(x’; y’) la anh cua diem M(xo; y 0 ) bat ki thuoc duong thing d: 2x - y = 0 
qua phep quay Q (i a) • (voi diem I( -2; 2); a = 30°) 

Theo cong thuc (*) cua bai 7 ta co: 

x' = (x 0 + 2).cos30° - (y 0 - 2).sin30° - 2 
y' = (y 0 - 2).cos30° + (x 0 + 2).sin30° + 2 

x' = (x„ + 2).^-(y„- 2 )i-2 
y'-(y„-2)^ + (x„+2).i + 2 


2x'= V3.x 0 -y 0 +2.V3-2 
,2y' = x 0 + \/3.y 0 - 2->/3 + 6 


X o = 


y 0 = 


2>/3.x '+ 2y'+ 4V3 -12 

4 

-2x'+ 2.V3 .y4>/3 + 4 


( 1 ) 


Mat khac ta c6: M(x 0 ; y 0 ) e d: 2x - y = 0 => 2x 0 - y 0 = 0 (b) 
Thay (1) vao (b) ta dupe: 

2VJ.x'+ 2y’+ 4>/3 -12 -2x'+ 2^1y4VJ + 4 _ 
*'4 4 

=>(1+ 2. V3 )x’ + (2 -V3 ) y’ + 6>/3 - 14 = 0 (2) 


51 



Gia sir M’(x’; y’) thoa man: T- (M’) = M”(x”; y”). Khi do ta co: 

X ** = 3 -f’ X 1 _• 

■ „ , , (voi v =(a;b) = (3; 1) ) 

(y =b + y 


x" = 3 + x’ f x' = x3 

=> • 

y" = 1 + y' 

Thay (d) vao (2) ta dugc: 


y' = y1 


(d) 


(1+ 2. V3 ).(x” - 3) + (2 - V3 ).(y” - 1) + 6 V3 - 14 = 0 

=> (1+ 2. >f3 ).x”+ (2 - V3 ).y” + v/3- 19 = 0 

_ \ 

Ta co M”(x”; y”) la anh cua M qua qua phep dcri hinh co ducrc bang 

each thgc hign lien tiep phep quay Q (j u) va phep tinh tien . 

=> M”(x”; y”) e d’ 

Vay phuemg trinh duong thing d’ la: 

(1+ 2. ).x + (2 -•v/3 ).y + V3- 19 = 0 


Cdch 2: 

Gqi di la anh cua d qua phep quay Q (I a) (vai I(-2; 2); a = 30°) 


=>d’li inh cua d| qua phep tinh tien T ; 


Ta co 0(0; 0) e d: 2x - y = 0 nen di di qua 0’(x’; y’) = Q (1 a) (O) 


Theo cong thuc (*) cua bai 7 ta co: 

x' = (0 + 2).cos30° - (0 - 2).sin30° - 2 Jx' = >/3 -1 

y' = (0 - 2).cos30° + (0 + 2).sin30° +2 |y' = + 3 

=> 0’(V3-1;- V3 + 3) 

Taco A(l; 2) e d: 2x - y = 0 nendi di qua A’(x’i; y’i) = Q ( i a )(A) 


Theo cong thuc (*) cua bai 7 ta co: 

x= (1 + 2).cos30° - (2 - 2).sin30° - 2 
y', = (2 - 2).cos30° + (1 + 2).sin30° + 2 
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Vay duong thing d\ di qua 0’( V3 - 1; - >/3 +3); A’( - 2; ~) 

=> 0 7 A'’ = -(V3-2;2V3+l) 

2 


l a co u =(V3-2;2>/3+ 1) la mot vecto chi phuong cua duong thang di 
Phuong trinh duong thing d| la: 


X-V3+1 y-3 + V3 

-2 = 2>/3 +1 


=>(1+ 2.-v/3 )x +(2-V3)y + 6N/3-14 = 0 


=> u; v khong cung phuong => d( // d’ 

=> Phuong trinh d’ co d$ng: 

(1+ 2.n/3)x +(2-%/3)y + C = 0(C * 6>/3 - 14) 

Ta co anh eua 0’( V3 -l ; - -v/3 +3)€ d| qua phep tinh tien T- la 0”( x’ 0 ; y’ 0 ) 
thu^c d’ 


Mat khac ta co: 


x’ 0 =a + V3-l = 2+-V3 

* 

y' 0 =b-^ + 3 = 4-73 


(vi v= (a; b) = (3; 1)) 


=>0”(2 + n/3;4 - Jl) e d’ 


=>(1+ 2.V3X2+ n/3 ) + (2-V3).(4- >/3) + C = 0 


=>-y/3 + 19 = 0=>C=V3-19 (thoa min dieu ki?n) 

Vay phuong trinh ditong thing d’ la: 

(1+ 2.V3).x + (2-V3).y+V3-19 = 0. 

Bii 15: Trong mit phing Oxy cho duong thing d: x + y - 2 = 0. Vi4t phuong 
trinh duong thing d’ la anh cua duong thing d qua phep dong dang co duoc 
bing each thuc hien lien tiep phep v} tu V (| k) va phep quay Q (J a) . Biet: 


1. I(— 1; - 1); k = ^ ; J = 0(0; 0); a =-45° 

2. 1(- 2; 1); k = 2; J (1; 3); « =30° 

Giai 

1.1(- 1; - 1); k = — ; J s 0(0; 0); a = -45° 

2 

Cach 1: 

Xet M(x 0 ; y 0 ) bat ki thuoc duong thing d:x + y- 2 = 0. 

=> x o + y o -2 = 0(l) 
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Trong mat phing vcri he toa dp Oxy. Goi M’(x’; y’) la anh cua M(y 0 ; y co ) 
qua ph6p vj t\r V (l>k) . 

Ta co: M' = ^ .IM (Voi \M' = (x’+ 1; y’ + 1); IM = (x 0 + 1 ; y G ' 1))j. 


x'+l = -(x 0 +l) 

y’+i = ^(y 0 +i) 


x Q = 2x'+l 

(a) 

y 0 = 2y'+I 


Thay (a) vao (1) ta dupe: 

(2x’ + 1 ) + (2y’ + 1 ) - 2 = 0 => x’ + y’ = 0 ( b) 

Xet M”(x”; y”) = Q (J a) (M’). Khi do theo cong thuc (*) cua bai 7 'a co>: 

„ Vl.x’+VZy' 

x" = (x0)cos(-45°)-(y'-0)sin(-45°) + 0 X “ 2 

y " = (y0)cos(-45°) + (x0) sin (-45°) + 0 „ jl.y'-Jlx' 


^.y’-V2x- 


(viJ = 0(0; 0); a =-45°) 

, V2.x"-V2.y" 

=> \ r 2 r (c) 

, v2.x"+ v2.y" 

y =-— 

V 2 

-m. f \ ji ,uw * V2.x"-V2.y" , J2.x"+yl2.y” A _ „_ A 

Thay (c) v&o (b) ta dupe:-— +-= 0 x =0 

2 2 

Ta c6 M”(x”; y”) la anh cua M qua phep dong dang co dupe bang ciclh 
thpc hipn lien tiep phep vj tir V (! k) va phep quay Q (J a) . 


=> M”(x”; y”) e d’ 

Vay phuomg trinh duemg thing d’ la: x =0 
Cach 2: 

Gpidi la anh cua duang thing d qua phep vj t\r V (1 k) ( v6i 1 (-1; - 1); k= - ). 

=> Duong thing d’ la anh cua du(mg thing di qua ph£p quayQ (J ai) 

(vai J — 0(0; 0); a = - 45°) 

Taco I(— 1; — l)gd: x + y - 2 = 0. 

=>d,//d 
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=> Phucmg trinh during thing di co dang: x + y + C = 0; (C * - 2). 
Goi A’(x’ a ; y’ A )la anh cua A(0; 2)e d qua ph^p vi t\i V ( i -k) 

=> A'(x' a ; y’ A )e d,. 

Taco: LA’ = i . IA (Vrii LV = (x’ A + l;y’ A + 1);1A=(1 ; 3)). 



=> A ’(- ^)e d|. 

=> - — + — + C = 0=>C = 0 (thoa dieu kifn: C * - 2 ). 

2 2 

Vay phuong trinh during thing d| la: x + y = 0 => y = - x 
During thing d| di qua 0(0; 0), do do anh d’ cua di qua phdp quay tam 
0(0; 0) gric - 45° la true tung Oy 

Ket luan: Phucmg trinh during thing d’ la: x =0 
2. 1(- 2; 1); k = 2; J (1; 3); a =30° 

Cdch I: 

Xet M(x 0 ; y 0 ) bat ki thupc during thing d: x + y - 2 = 0. 

=> x n + y 0 - 2 = 0(1) 

Trong mat phing vrii hp top dp Oxy, gpi M’(x’; y’) la £nh cua M(Xo; y 0 ) 
qua pWp vj t\r V (U) . 

Ta co: IM*‘ = I. IM (Vrii M' = (x’+ 2; y’- 1); IM = (Xo + 2 ; y 0 -1)). 

_ x’-2 

[x'+2 = 2(x +2) X ° ~ 9 

[y'-l = 2(y. -1) yjtl 

y ° 2 

Thay (a) vao (1) ta dupe: 

(^ ) + (^ ) -2 = ° => x’ + y’-5=0(b) 

Xet M”(x”; y”) = Q (Ja) (M’)(vrii J (1; 3); a =30°). 

Khi dri theo cong thuc (*) cua bai 7 ta cri: 
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fx" = (xl)cos(30°) - (y3) sin (30°) +1 
[ y " = (y •- 3)cos(30°) + (x1) sin (30°) + 3 


>/3.xyV3 + 5 
2 

V3.y'+x'-3V3 + 5 
2 


=> 


•v/3.x "+ y"-V3 -1 

r 2 r (c) 

x ,, -V3.y"+3V3-7 

2 


Thay (c) vao (b) ta du<?c 


. V3.x ,, + y ,, -V3-l | x"-V3.y ,, + 3>/3-7 


0 


=> (1 + V3)x” + ( 1 - V3)y" + 2V3- 18 = 0. 

Ta co M”(x”; y”) la 4nh cua M qua qua phep d6ng dang co duac bang 
each th\rc hi?n lien ti4p phep vj ty V (l k) va phep quay Q (J a) . 


=> M”(x”; y”) € d’ 

* 

V$y phircmg trinh dubng th5ng d’ 14: 

(1 + V3)x + ( 1 - V3)y + 2>/3 - 18 = 0. 


Cich 2: 

G<?i di 14 4nh cuadubng thingd qua ph£p vj tyr V ( , k) (v6i I (- 2; 1); k = 2). 


=> Dubng thing d’ 14 4nh cua dubng thing di qua phep quay Q (J a) (vbi 

J(l; 3); a = 30°) 

Tac6I(-2; l)«d: x + y-2 = 0. 

=> dj // d 

=> Phuong trinh dubng thing d| cb dang: x + y + C = 0; (C * - 2). 

GQi A’(x’a; y’ A ) 14 4nh cua A(0; 2)e d qua ph4p vj t\r V ( i,k) 

=> A’(x’ a ; y’ A )e dj. 


Ta cb: IA' =2IA (Vbi IA’ = (x’ A + 2; y’ A - 1);IA= (2 ; 1)). 


x’ a + 2 = 4 

y 'a - 1 = 2 


x' A = 2 

y' A = 3 


=> A’(2; 3)e d| =$ 2 + 3 + C = 0=>C = - 5 (thoa dieu kien: C 2 ). 
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Vay phucmg trinh during thing d| la: x + y - 5 = 0 
Xet N(xi; yi)e d, =>x, + yi - 5 =0 (I) 

Goi N’(x’,; y’,) = Q ( j a) (N) (vrii J(l; 3); a = 30°) 


=>N’(x’i; y’i) e d’. 

Theo cong thuc (*) cua bai 7 ta co: 

x= (x, -l)cos(30°)-(y l -3)sin(30°) + l 

y' t = (y, -3)cos(30°) + (x, -l)sin(30°) + 3 






73.x, -y, - 73 +5 
2 

V3.y, +x,-3V3-H5 
2 



V3.x', + y',-V3-l 

F 2 r (H) 
x - V3 .y + 3V3 - 7 

2 


Thay (II) vao (I) ta dupe: 


S.x\ + y\S-\ [ x',-V3.y',-f3>/3-7 
2 + 2 


= 0 


=>(1 + V3)x’, +( 1 - V3)y’, +273-18 = 0. 

Vay phuomg trinh during thing d’ li: 

(1 + V3)x + ( 1 - 73 )y + 2 73- 18 = 0. 

B&i 16: Cho hinh vuong ABCD tam O. Gpi M la tning diem canh AB, N la trung 
diem doan thing OA. Tim anh cua tam giac AMN qua phep quay Q (Q ^. 


Giai 

Khong mat tinh ting quat gia sir hinh vuong ABCD dupe biiu dien nhu 


hinh vg 


M 


B 



» » 2 ■» 

Ta co N la trung diem doan thing AO do do N’ la trung diem doan thing DO. 

Vay anh cua tam giac AMN qua phep quay Q (Q ^la lam giac DM’N’ 
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Bai toan 4: Tim t$p hop diim (Tim qui rich diem) thoa min dieu kifn 
cho tnrdc 

Vidu 

Bai 1: Cho diem I co dinh . Hai diem M; M’ di dQng sao cho tarn gidc IMM' 
vuong can tai I v6i (IM, IM’) = y. 

1. Cho diem M chay tren duong tron tarn O co djnh. Tim tap hop diem M\ 

2. Cho diem M chay tren duong thing d co djnh. Tim tip hgp diem M’. 
G<?i H la hinh chieu vuong goc cua I tren duong thing MM’. Tim tip hgp 

diem H. 

Giai 

IM = IM' 

Taco: n => M’la inh cua M qua phep quay Q n (1) 

1(IM,IM') = — (*'2 ^ 

i. Diem M thu§c duong tr6n (O) 

Ggi O’ la anh cua O qua phep quay Q n 

(I> 5 ) 



IO = IO’ 

=> n => O’ co dinh 

( 10 , 10 -) = | 

Vfc-<»(,., %■> (°» = 0, 

=> O’M’ = OM va O’M’ 1 OM 

=> M’ thugc dudmg tron tarn O’ la anh cua duong tron tarn O qua pheo 

quay Q n it, 

Viy tap hgp diem M’ la duong trdn tarn O’ (vdi dudmg tr6n tarn O’ li 

inh cua duong tron tarn O qua phep quay Q n ) 

i*»2* 
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Bai toAn 5: Tim phep ddi hinh bien hinh thanh hinh Tf 
Vi du: 

Bai 1: Hay chi ra tat ca cac phep dai hinh (khong ke phep hap thanh cua 
cac phep dai hinh) bien hinh vuong ABCD thanh chinh no. 

Giai 

Goi f la phep dai hinh bien hinh vuong ABCD thanh chinh no 
=> f bien tam O cua hinh vuong ABCD thanh chinh no va f bien diem A 
thanh mqt trong cac diem A; B; C; D. Cac trudng hop xay ra nhu sau: 

* Truong hop 1: f bien diem A thanh diem A. Co hai kha nSng: 

- Phep ddi hinh f bien: 

B thanh B 
C thanh C 
D thanh D 

Khi do f la phep dong nhat 

- Phdp ddi hinh f bien: 

C thanh C 

B thanh D (ho£c D thanh B) 

Khi do f la phdp doi xung tryc Doa- 
*Truang hpp 2\ f bien diem A thanh diem B 

Khi do f la ph6p doi xung true B d (d la dufmg trung true cynh AB) ho5c f 
la phep quay tam O goc quay (OA, OB). 

* Truong hpp 3 : f bien diem A th&nh diem C 

Khi do f 1^ pWp ddi xumg tdm Do ho^c f la phdp doi xung tryc Dbd- 
*Trm'mg hap 4: f bien diem A thanh diem D 

Khi d6 f la phep doi xung tryc Dd- (d'la trung tryc cynh AD) ho$c f 1A 
phep quay tam O g6c quay (OA, OD) = 3(OA, OB). 

BAi 2: Cho tam giac deu ABC vai (AB, AC) = ( BC, BA) = (CA, CB) = 60°. 
HSy chi ra tat ca cAc phep ddi hinh (khong ke phep hyp thanh cua cac phdp 
ddi hinh) bidn tam giac ABC thanh chinh no. 

Giai 

G<?i f la phep ddi hinh bien tam giac ABC thanh chinh no. 

=> f bien diem A thanh mot trong cAc diem A, B, C. CAc trudng hop xay 
ra nhu sau: 

* Truong hap 1\ f bien diem A thanh diem A. Co hai kha n&ng: 

- Phep ddi hinh f bien: 

B thanh B 
C thanh C 
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Khi do f la phep dong nhat 

- Phep doi hinh f bien: B thanh C (hofic C thanh B) 

Khi do f la phdp doi xung tryc Dd (duong thing d la duong trung tryc 
cynh BC). 

*Trucmg hap 2: f bien diem A thanh diem B. Co hai kha ning: 

- Phip doi hinh f bien C thanh C. 

Khi do f li phep ddi xung tryc EV (d’ la duong trung true canh AB). 

- Phep doi hinh f bien: 

B thanh C 
C thinh A 

Khi do f la phep quay tarn O (diem O la tam duong tron ngoai tiep tarn 
giac dhu ABC) goc quay 120°. 

*Trucmg hap 3: f bi6n diem A thanh diem C. Co hai khi ning: 

- Phip doi hinh f bien B thinh B. 

Khi d6 f la phep doi xung tryc Da - (d” la dufrng trung tryc cynh AC). 

- Phip ddri hinh f bien: 

B thanh A 
C thanh B 

Khi do f la ph6p quay tam O (diim O la tam duong tron ngoai tiep tam 
giic deu ABC) goc quay -120°. 

Bai 3: Cho hai hinh vuong bang nhau. Chung minh ring c6 mpt phep doi 
hinh bien hinh vuong niy thanh hinh vuong kia. 

Giai 

Bai toin khdng mat tlnh tong quat gia sir hai hinh vuong bang nhau la 
ABCD; A’B’C’D’ vi duyc bieu dien nhu hinh vg sau: 
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Pheptjnhtidn T—. , bien: 

r\/\ 

+ Diem A thanh diem A’ 

+ Hinh vuong ABCD thanh hinh vuong A’B|C|D| 
Phep quay Q (A . a) (vcri a = (A’D|, A’D’) bi£n: 

+ Diem A’ thanh chinh no 
+ Diem D| thanh D’ 

+ Hinh vuong A’B|C]D| thanh hinh vuong A’B’C’D’ 



Vay phep dcri hinh co dupe bang each thyc hi?n lien tiep hai phep ddi 
hinh: Phgp tjnh tien va phep quay Q (Aa) (vcri a = (A’D|, A’D’) bi£n 

hinh vuong ABCD thanh hinh vuong A’B’C’D’. 

Bii 4: Cho hinh vuong ABCD co canh bang V2 dupe bieu dien nhu hinh vg sau: 

Gpi I la tarn cua hinh vuong ABCD. Tren 
canh BC lay mpt diem J sao cho BJ = 1. H3y 

xac djnh phep dcri hinh bien AI thanh BJ . 

Giai 

Ta c 6 AI = = ~ = 1 => AI = BJ 

sf2 4l 

Mat khac ta c 6 (AI, BJ) = 45° 

Vay phep quay Q(q 4 50 ) bien AI thanh BJ . 

# f A 

Vcn O la giao diem cua tiling dye canh AB va cung chua goc 45 di qua A va B. 
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Bai 5: Cho hai duong tron bang nhau tarn 0 va O’. Gpi A, A’ Ian lugrt la hai 
diim tren hai duong tron (O), (O’). Goi M, M’ lin lugrt la hai diem di d$ng 
tren hai ducmg tron (O), (O’) sao cho (OA, OM) = (O’A’, O’M’). 


1. Hay xac djnh phep dbi hinh bien OM thanh O'M’. 

2. Chung to rang duong trung tryc doan thing MM’ di qua mot diem co djnh 

Giai 


I. Ta co (OA, OM) = (O’A’, O’M’) 
=>(OA, O’A’) = (OM, O’M’) 
Bat (OA, O’A’) = a (khong doi) 


OM = O'M' 
(OM,0’M) = a 


Vyy phep quay ^biin OM thanh O'M'. 

Mat khac ta co (OA, O’A’) = a va OA = O’A’ nen phep quay a ^bi£n 

A thanh A’ 

=> IA = I’A’ 

=> I thuoc duong trung tryc doyn thing AA’ 

=> TSm quay I la giao diem cua duong trung tryc doan thing AA' va cung 
chua g6c a di qua O va O’. 

2. Phep quay a )bien diem M thanh diem M’ nen IM = IM’ 

Do dd I thupc dudng trung tryc doan thing MM’ 

Vyy ducmg trung tryrc doan thing MM’ di qua diem I co dinh (dpcm). 
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Bii 6: Cho hai hinh vuong ABCD va AB'C’D’ bang ahau co canh a. Tim 
phep d6i xung true bien hinh vuong nay thanh hinh vuong kia. 

Giai 

Bai toan khong mat tinh tong quat gia sir hai hinh vuong ABCD va AB’C’D’ 
bing nhau co canh a dugre bieu dien nhu hinh vS 

G<?i E la giao diem cua BC va B’C’. Ta co: 

A ABE = AAB'E 
BF, = B’E (1) 

Mat khac ta co: BA = B’A = a 

B va B’ doi xung nhau qua 
di/nmg thdng AE 

Vly phep doi xung true Dae bi4n 
dem B thanh B’ 

Tu (1) suy ra CE = C’E 

Mat khde ta c6: CA = C’A = a 72 

=s> C va C’ d6i xung nhau qua 
drdmg thang AE 

V£y ph£p doi xung tryc Dae bien diem C thanh C’ 
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Ta co AD = AD’ va DAE = D'AE =90°- 

2 

=> DvaD’ doi xung nhau qua duong thing AE 
Vay phep d6i xung true D A e bien diem D thanh D’ 

Do do phep doi xung true Dae bien hinh vuong ABCD thanh hinh vuong 
AB’C’D’. 
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Van de II 

DliCfNG THANG VA MAT PHANG TRONG 
KHONG GIAN; QUAN HE SONG SONG. 

A. C AN NHO 

I. Xtic dinh mat pitting: Mot mat phang dirge xac dinh neu biet mot trong 
cac dieu kien sau: 

1. mat phang do di qua ba diem khong thang hang cho trude. 

2. mat phang do di qua mot dtrong thang va mot dieni a ngoai dirdng thang ay. 

3. mat phang do di qua hai dudng thang cat nhau. 

4. mat phang do di qua hai dudng thang song song. 

5. mfit phang do di qua mot dirdng thang va song song vdi mot dudng 
thang cheo vdi dudng thang ay. 

6. mit phang do di qua mot diem va song song vdi mot mat phang khong 
chua diem ay. 

** V •> 

II. Clu'rng minlt dudng thting ntim trong mat pitting: 

Neu dirdng thang d co hai diem phan biet nam trong mat phang (P) thi moi 
diem ciia dudng thang d deu thuoc mat phang (P). Ki hieu: d c (P; hay (P) 3 d. 

III. Quan h<* song song: 

1. Hai dirdng thang dugc gpi la song song neu chung cung thuoc mot 
mat phang va khong co diem chung. 

2. + Dirdng thang d va mat phang (P) dugc goi la song song neu chung 
khong co diem chung 

+ Dudng thang d (khong nam trong mat phang (P)) song song mat phang 

(P) khi va chi khi d song song vdi mot dudng thang nam trong mat phang (P). 

+ Neu mat phang (P) di qua dudng thang d (tna d song song mat phang 

(Q) ) thi giao tuyen cua mat phang (P) va mat phang (Q) (neu co) song song vdi d. 

+ Neu hai mat phang cat nhau cung song song vdi mot dudng thang d 
thi giao tuyen cua chung song song vdi dudng thang d 

3. + Hai mat phang dugc goi la song song neu chung khong co diem chung. 
+ Neu mat phang (P) chua hai dudng thang a, b cat nhau va cung song 

song mat phang (Q) thi (P) song song vdi mat phang (Q). 

+ Neu hai mat phang (P) va (Q) song song thi moi mat phang (R) da 
cat (P) thi cat (Q) va cac giao tuyen cua chung song song 

4. Dinh li ve giao tuyen cua ba mat phang: 

Neu ba mat phang cat nhau theo ba giao tuv»" phan biet thi ba giao 
tuyen do hoac dong quy hoac song song tung dd : ‘ 



5. a. Djnh Is Ta-let: 

Ba mat phang doi mot song song chan ra tren hai cat tuyen bat ki cac 
doan thang tuomg ung ti le 

b. Djnh li Ta-let dao: Gia sir tren hai dircmg thang cheo nhau a va b 

ldn liigrt lay cac diem A, B, C va A', B\ C’ sao cho: ~ T^TT, • 

A B B C C A 

Khi do ba duong thang AA\ BB\ CC’ ldn lugt ndm tren ba mat phang song 
song, tire la chung cung song song vai mot mat phang. 

IV. Hlnh da dU>n; khoi da dipn: 

1. Hinh da dign (goi tat da dign) la hinh dugc tao bai mot so hOru han cac 
mien da giac thoa man hai tinh chat: 

- Hai mien da giac phan bigt chi co the hoac khong giao nhau hoac co 
mgt dinh chung hoac co mpt canh chung. 

- Moi canh cua mien da giac nao cung la canh chung cua dung hai mien 
da giac. Moi mien da giac nhu the gpi la mot mat cua hinh da dien. Cac 
djnh, canh cua mien da giac ay theo thu ty dugc goi la cac dinh; canh cua 
hinh da di^n. 

2. Khoi da dien la phan khong gian dugc gicri han bcri mot hinh da dien, 
ke ca hinh da diyn do. 

Nhung diem khong thugc kh6i da di|n dugc goi la diem ngoai cua khoi 
da diyn. Nhung diem thuQC khoi da diyn nhung khong thuoc hinh da dign 
ung vai khoi da dien ay dugc goi la diem trong cua khoi da dign. Tap hgp 
cac diem trong dugc ggi la mien trong, tap hgp cac diem ngoai dugc ggi la 
mien ngoai cua khoi da dign. 

Khoi da dign (H) dugc ggi la loi neu doan thing noi hai diem bat ki cua 
(H) luon thuoc (H). Khi do hinh da xac dinh (H) dugc ggi la hinh da dien loi. 

3. Hinh chop la mgt hinh da dign loi c 6 mgt m$t la mot da giac (ggi la 
day); cac m$t con l^i la nhung tarn giac co chung mgt dinh (ggi la cac mat 
ben; dinh chung ggi la dinh cua hinh chop). 

+ Hinh chop co day la da giac deu va co cac canh ben bang nhau dugc 
ggi la hinh chop deu. Hinh chieu vuong goc cua dinh hinh chop deu tren mat 
phang chua day cua hinh chop deu trung vai tarn cua day. 

+ Hinh chop co day la tarn giac dugc ggi la hinh tir dign (tu dign) 

- Cac mat cua tu dign deu la cac tarn giac. 

- Tu dign co 6 canh bang nhau dugc ggi la tu dign deu 

- Tu dien deu la hinh chop tarn giac deu, hinh chop tarn giac deu chua 
chdc la tu dien deu. 
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4. Hinh chop cut co hai day nSm trong hai mat phang song song, cac mat ben 
deu la hinh thang; cac ducmg thang chua cac canh ben dong quy tai mot diem. 

5. Hinh lang tru la mot hinh da dien loi co hai mat nam trong hai mat 
phang song song (goi la hai day) cac mat con lai la nhung hinh binh hanh 
(gpi la cac mat ben); canh chung cua hai mat ben ke nhau goi la canh ben. 

Cac canh ben cua hinh lang tru song song va bang nhau. Tong so canh 
cua hinh lang tru bang 3n (voi n la so canh cua mot da giac day) 

+ Hinh hop la hinh lang tru co day la hinh binh hanh 

B. CAC BAI TOAN DIEN HINH 

1. Bai toan 1: Tim giao tuyen cua hai mat phiing 

Logi I: Tim giao tuyen cua hai mat phang (P), (Q) (khong co quan he song 
song) 

Phucmg phap: 

+ Tim hai diem chung phan biet cua hai mat phang(P), (Q). 

+ Ret luan: Ducmg thing di qua hai diem chung do la giao tuyen cua (P), (Q). 
Vidu: 

Bai 1: Cho hinh chop S.ABCD. Biet AD va BC khong song song. 

1. Tim giao tuyen cua hai mat phang (SAC); (SBD) 

2. Tim giao tuyen cua hai mat phing (SAD); (SBC) 

Giai 

1. Goi 3 la giao diem cua hai ducmg thang dong phang AC; BD. 

Khi do taco: SI = (SAC)D (SBD) 

2. Goi H la giao diem cua hai ducmg thang AD; BC dong phang, khong 
song so ng 

Khi do ta co: SH - (SAD)fl (SBC) 
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Bai 2: Cho tu dien ABCD. Goi O la diem 6 trong A ACD, 1 va J lan luut la 
hai diem tren hai canh BC, BD sao cho 1J va CD khong song song. Tim giao 
tuyen cua hai mat phang (ACD) va (OIJ). 

Giai 

+ Ta co O la mot diem chc 
cua hai mat phang (ACD) va (Ol 

7 

+ Goi H la giao diem cua ! 
duong thang IJ va CD 

Vay: OH = (ACD) n (OIJ) 

B 


Bai 3: Cho hinh chop S.ABCD. Trong ASCD lay diem M. Tim giao tuyen 
cua hai m§t phang (SAC) va (SBM). 

Giai 



Bai 4: Cho tu dien ABCD. Goi I, J lan luot la hai trung diem cua hai canh 
AD; BC. 

1. Churng minh rang: IB va JA la hai ducmg thang cheo nhau 

2. Tim giao tuyen cua hai mat phang (IBC) va (JAD) 

3. Goi N la diem tren canh AC, M la diem tren canh AB (N; M khong trung 
dinh tu dien ABCD). Tim giao tuyen cua hai mat phang (IBC) va (DMN). 

Giai 

1. Gia sir IB va JA la hai duong thang khong cheo nhau. 

Khi do ton tai mot mat phang (P) chua hai duong thang IB va JA 
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=> I; B; J; A e (P) 

Ta co I; A € (P) => D e (P) 

Taco B; J e (P) => Ce (P) 

Vay: A; B; C;De (P) 

(Trai voi gia thiet: ABCD la 
mol ti'r dien) 

Do do IB va JA la hai duong 
thang cheo nhau (dpcm) 

2. Ta co I € AD nen I la mot diem chung cua hai mat phang (IBC); (JAD) 
Ta co J € BC nen J la mot diem chung cua hai mat phang (IBC); (JAD) 
=> I J = (IBC) n (JAD) 

3. Goi H = Cl HDN; K = BI n DM. 

=> KH = (IBC)n (DMN) 

Bai 5: Trong mat phang (P) cho hai duong thang cat nhau a; b va diem 
I # (P). Tim giao tuyen cua hai mat phang (a, I); (b, I). 



Giai 


Goi O = a n b => 


O e (a,I) 
[Oe(b,l) 

Vay giao tuyen cua hai mat 
phang (a, I); (b, I) la dirong thing 01 
(vdt O la giao diem cua hai 
duong thing cat nhau a; b) 


OI = (a,I)n(b, I). 



Loai II: Tim giao tuyen cua hai mat phing cit nhau (P), (Q). Biet hai mat 

» % *» 

phang (P), (Q)lan lucrt chua hai duong thang a; b song song. 


Phmrng phdp : 

+ Tim mot diem chung S cua hai mat phang cat nhau (P), (Q). 

+ Ket luan giao tuyen cua hai mat phing cat nhau (P). (Q) la duong thing 
qua S song song voi a va b 
Vi du: 


Bai 1; Cho hinh chop S.ABCD co ABCD la hinh binh hanh. Tim giao tuyen cua; 

1. Hai mat phang (SAB); (SCD). 

2. Hai mat phang (SAD); (SBC). 

Giai 

1. Ta co S la mot diem chung cua hai mat phang (SAB); (SCD). 
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Mat khac ta co AB //CD nen giao tuyen cua hai mat phang (SAB); 
(SCD) la duong thang di qua S va song song hai duong thing AB; CD. 

2. Ta co S la mot diem 
chung cua hai mat phang 
(SAD; (SBC). 

Mat khac ta co AD // BC 
nen giao tuyen cua hai mat 
phang (SAD); (SBC) la 
duong thing di qua S va 
song song hai duong thang 
AD; BC. 

Bai 2: Cho hinh h<?p ABCD.A’B’C’D’; tren canh BC; DC ta lan luot lay 
diem E; F thoa FE //BD. Goi G la diem ben trong hinh binh hanh DCC’D’. 
Tim giao tuyin cua: 

1. Hai mat phing (ABCD); (AB’D’) 

2. Hai mat phang (EGF); (A’B’C’D’). 

3. Hai m$t phang (ABG ); (CDD’C’). 


Giai 



Mat khac ta co BD//B’D’nen giao tuyen cua hai mat phang (ABCD); 
(AB’D’)la duong thang di qua A va song song voi BD; B’D’. 

2. Gpi L = FGDC’D’ 

M(it khac ta co FE//BD nen giao tuyen cua hai mat phang (EGF); 
(A’B’C’D’) la duong thang di qua L va song song voi BD; FE. 

3. Ta co G la mot diem chung cua hai mat phang (ABG ); (CDD’C’). 

Mat khac ta co AB//CD nen giao tuyen cua hai mat phang (ABG); 
(CDD’C’) la duong thing di qua G va song song voi AB; CD. 
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Bai 3: Cho tir dien ABCD. Goi I; J lan lirgrt la trung diem cua canh BC; AC. 
Goi M la mot diem tuy y tren canh AD. 

1. Tim giao tuyen d cua hai mat phing (MIJ) va (ADD). 

2. Goi N la giao diem cua BD va d; K la giao diem cua IN va JM. Tim giao 
tuyen cua (ABK) va (MIJ) 

Giai 

1. Ta co I; J lan luot la tru nr > 

=> IJ // AB 
Mat khac ta co M 

thuoc AD nen M la mot 
diem chung cua hai mat 
phing (MIJ) va (ABD). 

=>Giao tuyen d cua 
hai mat phang (MIJ) va 
(ABD) la duong thang 
di qua M va song song 
v<Vi duong thing AB, IJ 

2. Ta co K thuoc JM nen K la mpt diem chung cua hai mat phing (ABK) va 
(MIJ). 

Mat kMc ta co IJ // AB nen giao tuyin cua hai mat phang (ABK) va 
(MIJ) la duong thing qua K song song voi duimg thing AB, IJ. 

2. Bai toan 2: Tim giao diem cua dirfrng thing d va mat phing (P) 
Phmmg phdp: 

+ Tim m&t phing (Q) chua duong thing d va (Q) cit (P) theo giao tuj^en 
a de xdc djnh 

+ GQi I la giao diem cua d va a 
Kitluan: 1= do (P). 

D$c bift: 

Trong mat phang (P) chua duong thing a ma a cit duong thing d tai I 
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Vi dy: 

Bai 1: Cho bon diem A; B; C; D khong dong phang. Goi M; N lan lirot la 
trung diem ciia doan thang AC; BC. Tren doan thang BD lay diem P thoa 
BP = 2PDr 

1. Tim giao diem cua duong thing CD vbi mat phang (MNP). 

2. Tim giao tuyen cua hai mat phing (MNP) va (ABD). 

Giai 

1. Trong mat phang (BCD) 

.BN BP . . . 

ta co:-*-nen duong 

BC BD 6 

thang NP cat 3ucmg thing 

CD tai mpt diem I. 

Diem I thuoc CD 

valeNP c=(MNP) 

=> I = CD n (MNP) 

2. Goi E la giao diem cua Ml va AD 



=> E e ( MNP) => PE = (ABD)n(MNF' 
Bai ' 2: Cho hinh lap phucm 

ABCD.A’B’C'D’. Gpi O,; 0 2 lan luot la tai 
cua hinh vuong BCC’B’; CDD’C’ 

1. Tim giao diim cua duong thing C( 
voi mat phing (A0|0 2 ) 

2. Tim giao tuyen cua mat phang (ABCE 
va m£t phing (A0i0 2 ) 

Giai 

y y 

1. Tim giao diem cua duong thang CC’ \( 
mat phing (A0|0 2 ) 

y y 

Goi H la giao diem cua hai ducmg than 
AO,; D’C’ 

=> H la mot diem chung cua mat phan 
(A0,0 2 ) va mat phing (CDD'C’) 

Mat khac ta co 0 2 la diem chung thCr hai cii 
mat phing (AO|0 2 ) va mat phang (CDD’C’) 

=> H0 2 = (A0,0 2 )n(CDD'C’ ) 

Goi Q la giao diem cua H0 2 va CC’ 

=> Q e (A0|0 2 ) va Q e CC 
=> Q = CC’ n (A0,0 2 ) 
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2. Ta co A la mot diem chung cua mat phang (AO 1 O 2 ) va mat phang (ABCD). 
Goi K la giao diem cua duang thang CD va HO? 

=> AK = (ABCD)n (A0,0 2 ) 

Bai 3: Cho bon diem A; B; C; D khong dong phang. Goi I; K theo thur tir la 
hai diem trong cua tarn giac ABC; BCD. Gia su duang thang IK cat mat 
phang (ACD) tai J. Xac djnh giao diem J. 

Giai 

Goi M la giao diem cua duang 
thSng BI va CA; N la giao diem cua 
duang thang BK va CD 
^MN = (BlK)n(ACD) 

=> J = MN n IK 
=> J thuoc ducmg thang IK va J 
thuoc duang thing MN 

=> J thupc duang thing IK va J ^ ^ 

thuoc mat phing (ACD) 

=> J = (ACD)ry IK 


B^i 4: Cho hinh chop S.ABCD co day ABCD la hinh binh hanh. Goi O la 
tarn cua hinh binh hanh ABCD; M va N lan luot la trung diem cua SA va 
SC. Goi (P) la mat phing qua M; N; B 

1. Tim giao tuyen cua mat phing (P) va (SAB) 

2. Tim giao tuyen cua mat phing (P) va (SBC) 

3. Xac dinh giao diem cua duang thing SO vai mat phing (P) 

4. Xac dinh giao diem cua duang thing SD vai mat phing (P) 

5. Tim giao tuyen cua mat phing (P) va (SAD S 

6 . Tim giao tuyen cua mat phing (P) va (SDC 

I _ * 

7. Xac djnh giao diem E cua duang thang 
DA vai mat phing (P) 

8. Xac dinh giao diem F cua ducmg thang 
DC vai m(tt phang (P). Chung minh E; B; F 
thang hang ? 

Giai A D 

1. Ta co B la mpt diem chung cua mat phang (P) va mat phang (SAB) 

Ta co M thuoc SA nen M la diem chung thu hai cua mat phang (P) va 
mat phang (SAB) 

=> BM = (P)n(SAB) 
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2. Tac6 BN = (P)n(SBC) 

3. Trong mat phing (SAC) ducmg thing SO cit ducmg thing MN tai 1 
=>Diem I thupc mat phing (P)(Vi MN c (P)) => I = SO n (P) 

4. Trong mat phing (SBD) ducmg thing BI cit SD tai K 

=> K = SD n (P)'(l) 

5. Ta co (1) K thupc mat phing (P) va K thupc mat phing (SAD) 

=> K M = (SAD)n (P) 

6 . Taco KN = (SCD)n(P) 

7. Ta co K M = (SAD) n (P). 

Do do E la giao diem cua KM va DA 

8 . Taco KN =(SCD)n(P). 

Do do F la giao diem cua KN va CD 

Ta co E; F; B thuoc mat phing (P) va mat phing (ABCD) 

=> E; F; B thupc giao tuyen cua mat phing (P) va mat phing (ABCD) 

Do do ba diem E; F; B thing hang (dpcm) 

**Chu y: Churng minh nhieu diem trong khong gian thing hang ta thuong 
dung phucmg phap: Chung minh nhung diem do thuoc hai mat phdng phan 
bi$t cat nhau. 

B&i 5: Cho hinh chop S.ABCD co day la hinh binh hanh. Gpi M la trung diem 
cua canh SC; N la trung die m cua canh BO (O la giao diem cua AC va DB. 

- SI 

Tim giao diem I cua SD va nat phang (AMN) va tinh ti so —. 


* Tim giao diem I cua SD va 
mat phing (AMN) 

Gpi E la giao diem cua AN 
va DC 

=> EM - ( SCD) n (AMN) 

Khi do I la giao diem cua 
EM va SD 

* Gpi F la giao diem cua p 

ducmg thing AN va BC A B 

Ta co BF // AD 
BF NB 



=> 


AD ND 


Mat khac ta co: 


1 AD-BF 2 FC 

3 AD 3 AD 

EC _ FC 
ED AD 


2 

3 


(1) 

( 2 ) 
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Tu(l) va (2) ta co 


Ke dtrong thang qua C song song SD cit IE tai J. Ta co: 


MS _ Sd 
MC ~ CJ 
CJ CE 
DI ~ DE 


> SI^ CJ _ i 2 ^ 
2 ^ CJ' DI “ ' 3 “ 


Bai 6: Cho bon diem A; B; C; D khong dong phang. Goi G la trong tarn tarn 

giac AC’D. Goi M; N lan luot thuoc cac doan thang A; CA; AD sao cho 

MA NC PD 1 . , , i , , . i , 

-=-= — = - . Got I; J lan luot la cac giao diem cua dircmg thang MN 

MB NA PA 2 

voi BC va MP voi BD. Goi E; F lan luot la trung diem cua doan thang CD; NI. 

1. Chung minh rang cac ducmg thing MG; PI; NJ dong phing. 

2. Xac djnh giao diem cua GF voi m£t phing (BCD). 

3. Goi H la giao diem MG va BE. Chung minh bon diem: H; I; J va giao 
diem cua GF voi mat phing (BCD) thing hang. 

Giai A 

1. Ta co PI; NJ thupc mat phing (MNP) (1) //\ 

Ta co E la trung diem cua doan thing ^ / / 

CD nen ta co: A;G; E thing hang /'''j- \ 

Wx , , EG 1 / V '"-A 

ag 2 / \ 

Do do ta co: / I 

NC _ PD_ EG_ 1 / \ _A v nA^ J 

NA PA AG 2' Ar-A 

Trong mat phing (ACD) ta co: ^ 

NC _ PD _ EG />A 

NA PA AG 

nen cac diem N; G; P nim tren ducmg thing song song CD 
=> G e NP 

=> Duong thing MG thupc mat phing (MNP) (2) 

Tir (1) va (2) ta co cac ducmg thing MG; PI; NJ d6ng phing (dpcm) 

2. Mat phing (MNP) chira ducmg thang GF. 

Mat khac ta co I J = (MNP)n (BCD) 

Goi K la giao diem cua duong thing GF va ducmg thing I J 
=> K = GFo(BCD) 
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3. Ta co H = MG n E3E nen H thuoc giao tuyen IJ cua hai mat phang 
(MNP); (BCD) 

Vay H; K thuoc duong thang I J nen bon diem: H; I; J va giao diem K 
cua GF voi mat phang (BCD ) thang hhng (dpcm ) 

Bai 7: Cho tir dien ABCD. Goi I; J lan luot la trung diem cua canh BC; AC. 
Goi N la mot diem tuy y tren canh BD (N khong la trung diem doan thang BD). 
Tim giao diem cua duong thang AD va mat phang (NIJ) 

Giai 

Ta co I; J lan luprt la trung diem cua canh BC; AC. 

=> IJ // AB 

Mat khac ta co N thuoc BD nen N la mot 
diem chung cua hai mat phang (MIJ) va (ABD). 

=>Giao tuyen d cua hai mat phang (NIJ) 
va (ABD) la duong thang di qua N va song 
song voi duong thang AB, IJ b 

Vay d = (NIJ)n (ABD) 

Goi M la giao diem cua duong thang d va duong thang AD 
=> M gAD vaMed c(NIJ). 

=> M = (NIJ) n AD. 

Bai 8: Cho tu dien ABCD. Goi J; K lan luot la cac diem thupc mien trong 
tarn giac BCD va ACD. 

1. Xac djnh giao diem cua JK va mat phang (ABC). 

2. Xac djnh giao diem cua AB va mat phang (DJK) 

3. Tim cac giao tuyen cua mat phang (DJK) va cac mat phang chira cac 
mat cua hinh chop. 

Giai 

1. Goi N = DK n AC; M = DJ n BC 
=> MN = (ABC) n (DJK) 

• => MN c (ABC); MN c (DJK) 

Goi L la giao diem cua MN va JK 
=> L e JK; Le MN c (ABC) 

L = (ABC)nJK. 

2. Ta co MN = (ABC) n (DJK) 

=> MN c (ABC); MN c (DJK) 

Goi I la giao diem cua MN va AB 
=>Ie AB; Ie MN c (DJK) 

=>l = ABn(DJK) 
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3. Taco M; N; I thuoc mat phang (DJK) 

Vay la co: 

DN = = (ACD) n (DJK); DM = (BCD) n (DJK); 

NM = (ABC)n (DJK); DI = (ABD)n(DJK) 

Bai 9: Cho tu dien ABCD. Goi J; K lan iucrt la cac diem thuoc mien trong 
tarn giac BCD va ACD. Tren canh AB lay mot diem 1 (gia sir bai toan 
khong co su song song ). 

1. Xac djnh giao diem cua JK va mat phang (ABC). 

2. Xac dinh giao diem cua BC va mat phang (IJK) 

3. Tim cac giao tuyen cua mat phang (IJK) va cac mat phang chua cac 
mat cua hinh chop. 

Giai: 

1. Goi N = DKn AC; M = DJnBC 
=> MN = (ABC)n (DJK) 

=> MN c (ABC); MN c (DJK) 

Goi L la giao diem cua MN va JK 
=> L.eJK; LeMNc(ABC) 

L = (ABC)n JK. 

2. Ta co 1; L thuoc mat phdng (ABC) 
va diem L thuoc mat phang (IJK). 

Duong thang IL va BC dong phang; bai toan khong co sir song song nen 
dudng thfmg 1L va BC cat nhau tai diem R 
=> Re IL.e (DJK); ReBCc (ABC) 

=>R = BC n (IJK) 

3. Ta co: 

RJ = (BCD)n(IJK); IL = (ABC)n(IJK) 

Goi T la giao diem cua RJ va CD 
=> TK = (ACD)n(IJK) 

Goi 11 la giao diem cua L3D va RJ 
=> IH = (ABD)n(IJK) 

Chii y: Tim phan chung cua cac mat cua tu di?n ABCD va mat phang (IJK). 

Goi E la giao diem cua IL. va AC. Phan chung cua mat phang (IJK) va 
cac mat cua tir dien ABCD (A ABC; AABD; ABCD; A ACD lan luot la 
doan thang IE; IH; HT; ET). 

3. Bai toan 3: Xac djnh thict dien 

* Cho mat phang (P)va mot hinh da dien, neu mat phang (P) va hinh da 
dien co diem chung M thi mat phang (P) cat mat cua hinh da dien co chua 
diem M theo mot doan thang hoac mot diem duy nhat M. Doan thang chung 
do dupe goi la doan giao tuyen. 
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Cac doan giao tuyen khep kin, gioi han mot da giac phang ggi la thiet 
dien cua mat phang (P) va hinh da dien. 

Nlur vay vice xac dinh thiet dipn cua mat phang (P) va hinh da dien chu 
yeu la viec xac dinh mot each tuan tu cac doan giao tuyen cua mat phang (P) 
va cac mat cua hinh da dien (neu co). 


Loai /: Mat phang (P) dirge xac djnh boi ba diem khong thang hang cho trucrc 
Loai II: Mat phang (P) di qua mot dient M cua hinh da dien va (P) song 
song hai duong thang cheo nhau a;b 
Phmmg phdp: 

- Tim mgt mat cua hinh da dien chua M va a (hoac b). Giao tuyen cua 
(P) va mat phang chua mat nay cua hinh da dien qua M va song song voi a 
(hoac b). Suy ra doan giao tuyen. Doan giao tuyen nay xac dinh diem chung 
moi cua mat phing (P) va hinh da dien 

- Tiep tuc quy trinh tren den khi dugc cac doan giao tuyen khep kin ta 
co thiet dign. 

Loai HI: Mat phang (P) chua duong thang a va song song duemg thing b 
Phuomg phdp: Thuc hien nhu loai II 
Logi IV: Mat phing (P) di qua mot diem M va song song mat phang (Q) 


Phuamg phdp: 

- Tim mat hinh da dign chua M; mat nay nim trong m$t phang (R) cit 
ca (P); (Q). Hai giao tuyen thu dugc song song nhau; chu y giao tuyen cua (R) 
va (P) di qua M. Suy ra doan giao tuyen cua (P) va mat hinh da dign chua M 

- Tiep tyc quy trinh tren den khi dugc cac doan giao tuyen khep kin ta 
co thiet di?n. 


Vi du: 

Bai 1: Cho hinh chop S.ABCD co day hinh thang (AB // CD; AB > CD). 
Gpi I; J lan lugt la trung diem cua cac canh SB; SC 

1. Xac djnh giao tuyen cua hai mat phing (SAD) va (SBC) 


2. Tim giao diem cua duong thing SD va mat 
phing (AIJ) 

3. Xac dinh thiet dien cua hinh chop S.ABCD 
cat boi mat phing (AIJ) 

Giai 

1. G<?i K la giao diem cua AD va BC 

=> KS = (SAD) n (SBC) A 

2. Ggi M la giao diem cua IJ va SK 
=>M e (SAD) 

=> AM = (SAD)n (AI J) 
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Goi E la giao diem cua SD va AM 
=> E = SDn(AI J) 

3. Thiet dien cua hinh chop S.ABCD cat bcri mat phang (A1J) la tu giac A1JE 
B&i 2: Cho tu dien deu ABCD co canh bang a. Goi 1 la trung diem cua canh 
A; J la diem doi ximg vcri D qua C; K la diem doi ximg voi D qua B. 

1. Xac dinh thiet dien cua hinh tu dien khi cat bcri mat phang (UK) 

2. Tinh dien tich thiet di$n d cau 1 theo a 


Giai 

1. Goi N la giao diem cua I J va AC; M la giao diem cua IK va AB 

Ta co thiet dien cua hinh tu dien khi cat bcri mat phang (UK) la tarn giac IMN 

2. Tinh dign tt'ch cua .tarn giac IMN 

Ta co M la trong tarn cua tarn giac ADK va N la trong tarn cua tana giac A JJ. 

=> AN = — AC = — .a; AM = — AB - — .a 
3 3 3 3 

i=> AN = AM => MN // BC 

MN AN 2 

= 2 > - = - = — 

3 


BC 
=> MN 


AC 


2 2 
BC=-.a 


3 3 

Xet tarn giac AIM ta co: 

IM 2 - AI 2 + AM 2 - 2AI.AM.cos60° 


a" + 4a' 

T ~9 


a 2 13 2 

. _ _ a = — a 
2 3 36 


=>IM 


V13 


a 


Mat khac ta co A IAN = AIAM (c.g.c) nen ta cung co IN = 

„ IM + MN + NI ,sfn 1 , VE3 + 2 
2 6 3 6 

Theo cong thuc He -rong ta co dien tich cua A IMN la: 


Vl3 


S=JP.(P-MN)(P-IN) 2 = 
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Bai 3: Cho tur dien ABCD. Goi M la trung diem cua canh AB; N la mot 
diem thuoc canh CD khong trung voi C; D. Mat phang (P) qua MN va song 
song vai during thang BC. 

1. Xac dinh thiet dien cua hinh tu dien khi cat brii mat phang (P). 

2. Xac dinh vj tri cua N tren canh CD sao cho thiet dien la mot hinh binh hanh. 

3. Xac dinh vi tri cua N tren canh CD sao cho thiet dien la mot hinh thoi. 

Giai 

1. Mat phang (ABC) chua BC va BC //(P) 

=>(ABC)n(P) = Mt //BC 
Goi E la giao tuyen cua Mt va CA 
Vay E la trung diem canh CA 
Mat phang (DBC) chua BC va BC //{?) 

=>(DBC)n (P) = Nx //BC 
Goi F la giao diem cua Nx va BD 

ME // NF 

Thiet dien can tim la hinh thang MENF. 

2. Thiet dien tren la mot hinh binh hanh khi co them dieu kien NF = ME 

Mat khac ta co ME = — BC 

2 

Do do ta can co them dieu kien NF = — BC. 

2 

Ma NF // BC => N la trung diem canh CD 

Vay: Thiet dien tren la mot hinh binh hanh khi co them dieu kien N la 
trung diem canh CD . 
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3. Thiet dien MENF la mot hinh thoi khi co them dieu kien NF = ME 

Mat khac ta co ME = — BC 

2 

Do do tu dieu kien NF = ME => NF = - BC. 

2 

Ma NF // BC => N la trung diem canh CD va F la trung diem canh AD 

Khi do MF = — AD 
2 

Do dieu kien ME = MF nen suy ra — BC = - AD => BC = AD 

2 2 

Vay: Thiet dien MENF la mot hinh thoi ta can co N la trung diem canh 
CD va CB - DA. 

Bai 4: Cho hinh chop S.ABCD, day ABCD la hinh thang(AB// CD ). M la 
mot diem thuoc canh BC khong trung B; C. 

1. Xac dinh thiet di?n cua hinh chop va mSt phing (P) qua M; (P) // 
(SAB). Goi E; E; N lan luot la cac giao diem cua (P) voi SD; CS; AD. Thiet 
dien la hinh gi ? 

2. Chung minh giao diem I cua FM va NE chay tren mot duong thing co djnh. 

Giai g 

1. Ta co (P) // (SAB) 

Mat khac ta co: (P)n (ABCD) = MN 

(SAB)n (ABCD) = AB 

=> M N // AB 
Taco (P)rv(SBC) = MF 
(SAB) n (SBC) = SB 
=>FM // SB 

Ta co (P)n(SAD) - NE 
(SAB) n (SAD) = SA 
NE // SA 

Ta co M N // AB => M N // CD => CD // (P) 

Ta co (SCD) chua CD va (P)n(SCD) = FE 
FE II CD => FE // MN 

Vay thidt dien cua hinh chop va mat phang (P) la hinh thang MNEF 

2. Goi K la giao diem cua AD va BC ta co SK = (SAD) n (SBC) 

Ta co NE e (SdD); MF c (SBC) va I = NEnMF 

=> 1 thuoc SK co dinh. 
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B&i 5: Cho hinh chop S.ABCD, day ABCD la hinh thang(AB // CD); BC = 2a; 
AD = a; AB= b; ASAD deu; M la diem tren canh AB sao cho AM = x 
(0 < x < a ). M£t phang (P) qua M va song song SA; BC cat CD; SC: SB lan 
lucrt tai P; Q; N. 

1. Thiet di£n cua hinh chop va (P) la hinh gi ? 

2. Tinh di?n tich cua thiet dien cau 1 theo a; b; x 

Xac dinh v| tri M tren canh AB sao cho dien tich cua thiet cien ttren 

dat gia tri Ion nhat ? 


Giai 

1. Ta co (P) // BC va (P)n (ABCD) = MP, (P) n (SBC) 
=> PM // BC; NQ // BC 
=> PM // NQ 
Ta co (P) // SA 
va (P) n (SAB) = MN 
MN // SA 

Thiet di?n cua hinh chop va (P) la 
hinh thang NMPQ (PM // NQ) 

Ta co MN // SA 

BM MN BN 

=>-=-=- (1) 

BA SA BS 

Ta co PM song song BC va AD 


= NQ 



BM 


PC 

PD 


BA 

Ta co NQ // BC 
BN CQ 
^ BS " CS 


( 2 ) 

(3) 


Tvr(l); (2); (3)tac6: 


PC CQ 


=> PQ // SD NMP = MPC 


PD CS 

Thidt di?n cua hinh ch6p va (P) 1& hinh thang can NMPQ (PM // NQ; 
MN = PQ) 

2. Ta co NMP = SAD = 60°; MPQ * SDC = 60° 

G<?i H; K lan lu<yt li hinh chieu vuong goc cua N; Q tren MP 
=> KP - MH = MN cos 60° 


Tir(l) tac6: MN= AS. — = a.^—^ 

BA b 
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Ta co MH = MN.cos 60° = a. 


b-x 1 


Mat khac ta co 


. NQ SN AM 


BC SB AB 


NQ = BC = 2a. — 

AB b 


=> PM = NQ +2 MH = 2a. — + a.^-^- = a + — 

b b b 

Ta co NH = MNsin60° = a. . — 

b 2 

Vay dien tich thiet dien cau 1 la: 

S = — ( PM + NQ )NH 




1 ax x x b-x \I3 

~ - ( a + — + 2a. —) a.-. — = 

2 b b 2 4b 


— (b + 3x)(b - x) 


a 2 \/3 a 2 V3 b-t-3x + 3b-3x 2 

- r (b + 3x)(3b - 3x) < (--- Y 


Hay S 

12b" ' " ' 12b" ' 2 

Bat ding thurc (*) xay ra dau “=” o (b+3x) = (3b-3x) 

ox=-oAM=-MB 
3 2 

Do do di?n tich thiet di$n tren dat gia tri Ian nhat la: 


a 2 >/3 
3 < ’ 


a 2 V3 


1 


1 


Max 


o M chia doan thing AB theo ti so — (MA = — MB) 
3 2 2 

Bai 6: Cho hinh hop ABCD.A|B|C|D|. Gpi 0| la tam cua hinh binh hanh 

A|B t CiD| K la trung diem cpnh CD; E la trung diem do^n thing BO|. 

1. Chung minh ring E a tren mit 
phing (ACBi). 

2. Xic dinh thiet dien cua hinh hop 
va mit phing (P) qua K; (P) // (EAC). 

Giai 

1. Goi O la tam hinh hinh 
binh hinh ABCD 

=> Tu giac B|0|0B la 
hinh binh hanh nen trung 
diem E cua duong cheo BO| 
nen cung la trung diem cua 
duong cheo OB|. 
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Ma 0B| c(ACB|) 

=> E a tren mat phang (ACBi) (dpcm). 

2. Trong mat phang (ABCD) dung ducmg thing qua K song song AC cat 
BC; AB; AD lan luot la H; J; K| 

Trong mat phang (ABB|A| ) dung ducmg thang qua J song song ABicat 
AA| ; A|Bi; BB| lan luot tai K 2 ; K. 3 ; 1. Duong thing 1 H cit B 1 C 1 ; CCi lan 
luot tai K 4 ; K.5 ta co thiet dien la lye giac KK| K2K3K4K.5. 

Bai 7: Cho mqt hinh tu dien ABCD. Xac djnh thiet dien cua hinh tu dien 
ABCD khi bi cdt ooi mSt phang (P) trong moi truong sau: 

1. Mat phing (P) di qua trong tarn G cua hinh tu dien ABCD; qua diem E 
thuoc cynh BC va song song vdi AD. 

2. Mat phang (P) di qua trong tarn G cua hinh tu dien ABCD va song song 
voi BC; AD. 


Giai 


A 



Truong hpp 1:E = I 

Khong tin tai thiit di?n cua hinh tu 
didn ABCD va m$t phing (P) 

Truong hop 2: E khong trimg veri I 
Thiit di?n cua hinh tu di?n ABCD va 
mat phing (P) la tam giac FEK (tuc la tarn 
giac IFK). 


*D 
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2. Mat phang (P) di qua G va (P) // AD nen MN thuoc (P) 

Ta co AD // (P) 

Mat khac mat phang (IAD) chira AD va (IAD)n(P) = On 
=> Gn // AD 

Goi M; N Ian lut/t la giao diem cua Gn voi AI; DI 
Mat khac ta co BC // (P) 

Va (P)n (ABC) = Mx; (P)n(BCD) = Ny 
=>Mx//CB va Ny // BC 
Duong thang Mx cat AB; CA Ian lirqrt tai L; F 
Duong thang Ny cat BD; CD Ian luot tai Q; K 
=> LF // KQ(1) 

Ta co AD // (P); (P) n (ABD) = LQ; (P)n(ACD) = FK 
=> AD// LQ; AD// FK => FK // LQ (2) 

Tir (T); (2) ta co thiet dien cua hinh tir dien ABCD va mat phang (P) la 
hinh hinh hanh KQI.F 

Rai 8: Cho hinh chop tir giac S.ABCD; dudng thang A nam trong mat 
phang (ABCD) sao cho dirdng thang A song song BD, M la trung diem 
canh SA. Hay xac djnh thiet dien cua hinh chop ter giac S.ABCD khi cat boi 
mSt phang (M, A )trong cac truemg hop sau: 

1. Ducmg thang A khong cat canh nao cua day ABCD 

2. Duong thang A di qua diem C 

3. Duong thang A cat hai canh BC va CD lan luot tai hai diem I va J 

4. Ducmg thang A cat hai canh AB; AD lan luot tai hai diem F; J’ 

Giai 

1. Goi H; E; F lan luot la cac giao diem cua A voi cac ducmg thang AB; 
CA; AD 


GQi M) la giao diem cua HM va SB; 
Mi la giao diem cua EM va CS; 

la oinn rlipni pna FM va 
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2. Gpi H; F Ian lugt la cac giao diem cua A vai cac duong thing AB; AD 
Gpi Mi la giao diem cua HM va SB; s 
M3 la giao diem cua FM va SD 
Thiet dien can tim la tu giac MM 1 CM3 
(*Chu y: Xac djnh thiet 
dipn cau 2 tuomg tu nhu cau 1 
trong do C trung vai diem Mj) 



CsM 2 


3 . Gpi FI; F lan lucrt la cac giao 
diem cua A vai cac duong thing 
AB; AD. 

Gpi M| la giao diem cua HM 
va SB; M 3 la giao diem cua FM 
va SD 

Thiet dien can tim la ngu giac 
MM, IJM 3 



4. Thiet dipn can tim la tarn giac MTJ’ 

S 



Bai 9: Cho hinh tu dien ABCD. Gpi E la diem doi xung cua diem A qua 
diem C. Xac dinh thiet dipn cua hinh tu dipn ABCD khi cat bcri mat phing 
di qua B; E va mot diem F trong cac truong hap sau: 

1. Diem F nim tren doan thing CD va khong trimg vai C; D. 

2. Diem F nim trong tarn giac ACD 

3. Diem F nim trong doan thang DD’(D'la trong tarn cua tarn giac ABC) 
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1. Goi K la giao diem cua FE va AD 
Thiet dien can tim la tam giac BFK 


2. Goi J; K Ian luot la giao diem cua 
FE vdri CD; AD 

Thiet dien can tim la tam giac BJK. 


3. Goi I la trung diem canh CA. 

Khi do D’ thuQC doan thing BI; 
trong mat phang (BID) duong thing 
BFcit DD'tai J. 

Trong mat phing (ACD) duong 
thing EJ cit CD; AD lan luot tai A 
N; M. 

Thiet di?n can tim la tam giac BMN 



Bai 10: Cho hinh tu dien ABCD. Gpi I; J Ian luot la trung diem cua canh 
BC; BD; E la mot diem thupc canh AD khac A; D. 

1. Xac djnh thiet di^n cua hinh tu dien ABCD cit boi mat phing (UK). 

2. Tim vi tri cua diem E tren canh AD sao A 

cho thiet dien cau 1 Id hinh binh hanh. 

3. Tim dieu kien cua hinh tu dien ABCD va v| 
tri cua diem E tren canh AD de thiet dien cau 11a 
hinh thoi 

Giai 

1. Ta co JI14 duong trung binh cua tam giac BCD 
=> JI // CD => CD//(UK) 



C 




Ta co (IJK)n (ACD) = Et 
=> Et // CD 


Goi F la giao diem cua Et va CA 


=> EF//CD => E F // JI 

Vay: Thiet dien can tim la hinh thang IJEF (EF // JI ). 

2. Thiet dien IJEF la hinh binh hanh ta can co them dieu kien: IF // JH 
<=> E la trung diem canh AD 

3. Thiet dien IJEF la hinh thoi 

« Tur giac IJEF la hinh binh hanh va JI = IF 


<=> E la trung diem canh AD va 


CD _ AD 
2 “ 2 


o E la trung diem canh AD va CD = AB 
Bai 11: Cho hinh chop tur giac S.ABCD, day ABCD la mot tir giac loi. Goi 
M la trung diem cua canh SA; N la trung diem ciia canh CS. 

1. - Xac dinh thiet dien ciia hinh chop S.ABCD khi cat boi mat phang (P) 
qua M va song song (SBD) 

- Xac dinh thiet dien cua hinh chop S.ABCD khi cat boi mat phang 
(Q) qua N va song song (SBD) 

2. Gpi I; J lan lirot la cac giao diem ciia dirong thang CA voi (P); (Q) 


Chung minh rang: JI = ^ CA 


Giai 


v 


\ 


M. 


/ 


rs/// 


OL 


\ 


S'* r Y/YX/ / >' 


,v N 


1. Ta co (P) // (SBD); (SBD) n (SAB ) = SB 
=> Mat phdng (P) va mat phang (SAB) 
cat nhau theo giao tuyen qua M va song 
song SB; giao tuyen nay cat AB tai E 
Ta co (P) //(SBD); 

(SBD)n (ABCD ) = BD 
=> Mat phang (P) va mat phang 
(ABCD) cat nhau theo giao tuyen A< 
qua E va song song BD, giao 
tuyen nay cat AD tai diem F. 

Taco MF = (P)n (SAD). 

Ma (SAD)n (SBD) = SD 
=> M F // SD 

Thiet dien can tim la tarn giacEFM dong dang voi tarn giac SBD 




4 


V D 




\ / 
\L- 

B 


apsr’ 

K ""o 
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* I irong tu ta co thiet dien cua hinh chop S.ABCD khi cat bai mat phang 
(Q) qua N va song song (SBD) la tam giac KHN dong dang vai tam giac 
SBD (NK // SB; NH // SD; KH // BD; K thuoc BC; H thuoc CD) 

2. * Ta co I = FE n CA; J = KH n CA 

Ta co M la trung diem canh SA va ME // SB 
=> E; F lan lirot la trung diem canh AB; AD 
Goi O la giao diem ('A va BD 
=> 1 la trung diem doan thang AO 

=> 10 = - AO 

2 

* Ta co N la trung diem canh CS va NH // SD 

H; K lan lirat la trung diem canh CD: CB 
=> J la trung diem doan thang CO 

=> JO = - CO 

9 


Ta co JI = JO + 01 = - CO + - AO = - (CO + OA )= - CA (dpcm). 

2 2 2 2 

Bai 12: Cho hinh lang tru tam giac ABC.A'B'C’. Tren dirirng thang BA lay 

mot diem M sao cho A a giua M va B thoa MA = ^ AB; E la trung diem 

cua canh CA. 

1. Xac djnh giao diem D cua BC va mat phang (MB'E). 

2. Xac djnh thiet dien cua hinh lang tru tam giac ABC.A'B’C' khi cat 
bai mat phiing qua M; B’; E. 

Tin.’ - 

3. 1 inh ti so 


CD 


Giai 


=> i 


1. Ta co ME va BC cung thuoc mat phang 
(ABC) va khong song song nen cat nhau tai D 

D e ME c (MB’E) 

De BC 

=> D= BC n (MB’E) 

2. Trong mat phang (AA'B'B) duemg thang 
B'M cat AA'tai K 

Thiet dien can tim la tu giac EKB’D 
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3. Ke ducmg thing qua F song song AB cat BC tai F. 
Khi do FE la duong trung binh cua tam giac ABC 
AB 


EF = 


FD 


Xet tam giac MBD ta c6:-= 

BD 


FE 


M$t khac ta co MA = — AB 

2 


BM 

EF = MAva BM = 3 MA 


FD 


MA 1 


1 


FD = - BD 
3 


BD 3MA 3 
F la trung diem cua doan thing FC 


FD = - BF 
2 

■ BD = 3 CD 


1 


FD = - FC 
2 


BD 

CD 


= 3 


vcri EF va tim ti so: 


Bai 13: Cho hinh chop S.ABCD co day la hinh binh hanh tam O. Goi M la 

* * 

trung diem cua canh CS, (P) la mat phing qua qua AM va song song vcri 
BD. G<?i E; F lan lucrt la giao diem cua (P) voi cac duong thing SB; SD. 

1. Xac djnh thiet di?n cua hinh chop S.ABCD khi cit boi mat phang (P) 

2. Hiy tim ti so dien tich cua tam giac SME vdi tam giac SBC va ti so 
dien tich cua tam giac SMF voi tam giac SCD. 

3. G<?i K la giao diem cua ME voi CB; J la giao diem cua MF va CD. 
Hay chung minh ring ba diem K; A; J nim tren mot duong thing song song 

FE 
K.I 

Giai 

1. Trong mit phir (SAC) hai duong thing SO va AM cit nhau, goi 1 la 

♦ 

giao diem cua chung. 

Ta co BD// (P); (SBD) 3 BD; (SBD) n (P) = it 
=> It // BD 

Khi do ta co E; F lan lirgrt la giao 
diem cua It va SB; SD 

Thiet di?n cin tim la tu giac AEMF 

2. Ta c6 SO; AM la cac ducmg 
trung tuyen cua A SAC 

Do do I la trong tam cua A SAC 
SI_2 
^ SO 3 
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Mai khac ta co FE it BD nen 


SE SI SF 2 

Vav — = — = — = - 

SB SO SD 3 


SE = M_ = SF 
SB SO SD 


Goi Sasbc lugt la dien ti'ch ASME; A SBC 

S A SME _ SM.SE.sin MSE = J_ 2 = \_ 

S ASBC SC.SB.sin BSC 2 3 3 

Goi ^>aSMF’ ^ASCD lugt la dien ti'ch ASMF: ASCD 
S ASMF_ SM.SF.sin MSF _ 1 2 _ 1 


S ASCD 


SC.SD.sinCSD 2 3 3 


3. Ta co A; K; J la cac diem chung cua mat phang (ABCD) va mat phang 
(P) nen ba diem A; K; J thuoc giao tuyen d cua hai mat phang nay 
Vay: d = (ABCD)n(P) 

Mat khac ta co BD // FE ma FE c (P) nen ducmg thang d // BD (dpcm) 


T , EF SE 2 
Ta c6- = — = — 

BD SB 3 


FE= - BD 
3 


Ta co BD la duong trung binh cua A CJK => KJ = 2 BD 
FE = l 
^ K.I 3 

Bai 14: Cho tu dien ABCD. Mat phang a song song AB va CD. Biet AB = a; 
CD = b. 

1 . Neu each dgng va tinh chat thiet di?n cua tu di?n ABCD khi cat bdi 
mat phftng (P). 

« 9 9 

2. Xac djnh vj tri cua mat phang a sao cho dien tich cua thiet dien la Ion nhat. 

3. Xac djnh vj tri cua mat phang a sao cho thiet di?n la hinh thoi ? 

Giai 

1. Bai toan khong mat tinh tong quat; gia sir 

% 9 

mat phang a cat canh BC tai M. 

Vay m^t phing a qua M va song song 
AB; CD 

+ Ta co AB//or; AB c (ABC); 

(ABC) n a - Mx 

=> Mx // AB \ '" / q 

Goi Q la giao diem cua Mx va CA. 


■ 
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+ Ta co CD // a ; CD c (ACD); (ACD)n a = Qt => Qt // CD 
Goi P la giao diem cua Qt va AD. 

+ Ta co AB// a ; AB c= (ABD); (ABD)n a - Py => Py // AB 
Goi N la giao diem cua Py va BD. 

Khi do MN = a n (BCD) => MN // CD 
Vay ta co: MN // PQ; MQ // PN 
Thiet dien can tim la hinh binh hanh MNPQ 
2. Goi cp la goc giua hai duang thang AB va CD 

=>0° < <p < 90° va NMQ = 

Khi do dien tich thiet dien MNPQ la: 

c • MN MQ . 

S = MN.MQ.sin^ =-.-.absin<p 

b a 


Mat khac ta co: 
MQ // AB =: 

MN//CD = 


MQ _ CM 
a CB 
MN _ BM 
b CB 


(1) 

( 2 ) 


MN MQ = BM BM = CM + BM 

^ b a CB CB CB 

Theo bat dang there Co-si ta co: 


, _ MN 

MQ . 

+ —— >2 . 

1 MN 

MQ 

1 MN 

=> - > - 

MQ 

b 

a 

V b 

a 

4 b 

a 


=> S < — ,ab sin<p (*) 

4 

Bit ding there (*) xa] ra dau “=” khi va chi khi: 

CM 


MN MQ BM 

- —— <=> 


b 


CB CB 


o BM = MC 


Vay dien tich thiet dign MNPQ dat gia tri 1cm nhat bing — .ab sin^ 

4 

<=> BM = MC <=> M la trung diem canh BC 
» Mat phing a cat canh BC tai trung diem cua canh BC. 

3. Thiet dien MNPQ la hinh thoi ta can co them dieu kien MN= MQ (3 ) 


Tir (1) va (2): MN = 


BM 

CB 


.b; MQ 


CM 

-.a 

CB 
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, BM . CM MB 

( 3) -.h = -.a <=> - 

CB CB MC 


- cr> M B = -- M C 

b b 


o M chia doan thang BC theo ti le — 

' b 

Bai 15: Cho tir dien ABCD. Qua diem M nam tren canh AC (M khong trung 
A; C) Jung mat phang (P) song song voi AB va CD. Mat phang nay Ian luot 
cat BC; BD; AD tai N; P; Q. 

1. Meu tinh chat thiet dien MNPQ cua tir dien ABCD cit bai mat phang (P). 

2. 3pi O la giao diem cua hai ducmg cheo cua tir giac MNPQ. Tim quy 
tfch eta diem O khi M chay tren doan thang AC(M khong trung A; C) 

Giai 

1. Taco: 


Paco: 


Taco: 


Tac6: 

Ti (1); (2); (3); (4) suy ra MN // PQ; NP // QM. 

Dc do tu giac MNPQ la hinh binh hanh. 

2. Taco: O la giao diem MP va NQ. Gpi 1 la trung diem 

Mit khac ta co QM //CD nen A1 cat doan thang MQ tai trung diSm E cua 
do^nth3ng MQ. 

Ta c6 NP // CD nen BI cdt doan thdng NP tai trung diem F cua doan thang NP. 
=: EF // MN 

= EF // AB va O la trung diem doan thang EF. 

G»i J la trung diem doan thing AB. 

= J la giao diem cua AB va 10 

Viy: diem O thuoc duong thang co djnh IJ 


AB//(P) 

AB c (ABC) 
(P)n(ABC) = 

AB//(P) 
ABe(ABD) 
(P)n(ABD) = 

CD//(P) 

CD c (BCD) 


CD//(P) 

CD c (ACD) QM // CD(4) 

(P)n(ACD) = QM 
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Mat khac ta co diem M chay tren doan thing AC (M khong trung A; C) 
nen diem O chay tren doan thang IJ(0 khong trung I; J) 

=>Quy tich cua diem O khi M chay tren doan thang AC (M khong trung 
A; C) la doan thang IJ (trir hai diem I; J). 

Bai 16: Cho hinh chop S.ABCD co day ABCD la hinh binh hanh. Qua diem 
M di dpng tren c^rnh AB (M khong trung A; B) dung mat phing (P) song 
song vdri SA va BC. Mat phang (P) lan luot cat SB; SC; CD tai N; P; Q. 

1. Neu tinh chat thiet di?n MNPQ cua hinh chop S.ABCD cat bcri mat 
phang (P). 

2. Goi I la giao diem cua MN va PQ. Chung minh rang diem I thupc 
dubmg thing co djnh. 

Giai 


SA//(P) 

1. Ta co: • SA e (ABS) 

(P)n(ABS) = MN 

MN // SA 
BC//(P) 

Ta co: • BC c (BCS) 

(P)n(BCS) = PN 

=> NP // BC (1) 

BC//(P) 

Ta co: - BC c (ABCD) 

(P) n (ABCD) = MQ 
=> MQ // BC (2) 



Tir (1) va (2) ta co thiet dien MNPQ cua hinh chop S.ABCD cat bcri mat 
phing (P) la hinh thang. 

2. Ta co I la giao diem cua MN va PQ. 


f I e MN c (SAB) 

^ [iePQc(SCD) 

=> I thuQC (SAB) va I thuoc (SCD) 

Mat khac ta co S la mpt diem chung cua (SAB) va (SCD) 


Ta co AB // CD 


=> (SAB) n (SCD) = Sx va Sx song song vcri AB; CD 
Ta co S va hai duang thing AB; CD co djnh nen Sx c6 djnh 
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Do I thupc (SAB) va I thupc (SCD) nen I thuoc duong thang Sx diem I 
thuoc ducrng thing co djnh 

Vay diem M di dong tren canh AB ta co I thupc duong thang Sx co djnh 
(dpcm). 

Bai 17: Cho hinh hop ABCD.A’B'C’D’. Goi M; N lan luot la trung diem 
cua hai canh AA’; CC'. Diem P thupc canh DD’ (P khong trung voi D; D’; 
trung diem doan thang DD’). 

1. Xac djnh giao diem cua duong thang BB’ voi m5t phang (MNP). 

2. Xac dinh thiet dien cua hinh hop ABCD-A’B’C’D’ cat boi mat phing 

(MNP). Thiet dien nay co tinh chat gi. 

0 % _ ♦ 

3. Tim giao tuyen cua mat phang (MNP) va mat phang (ABCD). 

Giai 



Cdch 2: 

Ta co M; N lan luot la trung diem cua hai c^nh AA’; CC'. 

Do do MN song song AC va A’C’ 

Duong thang noi hai tarn cua hai hinh binh hanh ABCD va A’B’C’D’ 
di qua trung diem I cua doan thang MN 

=> Diem I thuoc mat phang (BDD’B’) va diem I thupc mat phang (MNP). 
Khi do ta co (BDD’B’)n(MNP) = PI 

Gpi Q la giao diem cua hai ducrng thing dong phing PI va BB’ 
fQeNxc(MNP) 

(QeBB' 

=> Q = BB’o(MNP). 

2. Ta co (ADD’A’) // (BCC’B’) 

Mat khac ta co: 
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(ADD'A')n(MNP) = MP 
* (BCC'B')n(MNP) = NQ 
=> NQ//MP(1) 

Ta co (ABB'A’) // (CDD’C') 

Mat khac ta co: 

(ABB'A')n(MNP) = MQ 
(CDD'C')o(MNP) = NP 
=> MQ // NP(2) 

Tir (1) va (2) ta co mat phang (MNP) cat hinh hop ABCD.A’B’C’D’theo 
thiet dien MPNQ la hinh binh hanh. 

3. Cdch 1: 

Diem P khong trung trung diem earth DD’nen MP khong song song AD 
va NP khong song song CD. 

Goi K la giao diem cua MP va AD; H la giao diem cua PN va CD. 

=> HK = (ABCD) n (MNP) 


Cdch 2: 

Goi E la giao diem cua AD va MQ; goi T la giao diem cita BD va PQ 
=> ET = (ABCD)n (MNP) 

Chu'y: Bon diem H; K; E; T cung thuoc hai mat phang (ABCD); (MNP) 
=> Bon diem H; K; E; T thuoc giao tuyen cua hai mat phang (ABCD); (MNP) 
Do do bon diem H; K; E; T thing hang. 

Bai 18: Cho hinh lap phurong ABCD.A’B'C'D’. Goi E; Flan luot la trung 
diem cua hai canh AB va DD’. H2y xac dinh thiet dien cita hinh lap phuemg 
cat bai: A E B 

1. M$t phing (EFB). 

2. M$t phing (EFC). 

3. M$t phing (EFC’). D 

4. M$t phing (EFK)(voi K la trung 
diem cua c$nh B’C’). 

Giai F 

1. TacoBE//C’D’; | _-|_^ B - 

BE c (EFB); C’D’c (DCC’D’) 

M$t khac ta co F la mot diem chung D’ 
cita (EFB) va(DCC’D’) 



Wk 


1 



■ 


C' 


(EFB)n(DCC’D’) = Fx thoa man Fx // C’D’ va Fx // BE 
Goi G la giao diem cua Fx va CC. => FG // AB; G e (EFB). 
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Doan giao tuyen cua (ABB'A') va (EFB) la doan thang AB 
Vay thiet dien cua hinh lap phuong ABCD.A'B'C'D' cat hoi mat phang 
(EFB) la tir giac ABCiF. 

Taco: (ADD'A ) // (BCC'B’) 

Mat khac ta co: (EFB)n(ADD’A’) = AF; 

(EFB) n (BCC’B’) = BG 

=> AF // BCi 

Vay: Thiet dien cua hinh lap phucmg ABCD.A’B’C’D' cat hoi mat phang 
(EFB) la tur giac ABGF thoa man FG // AB; AF // BG nen thiet dien can tim 
la hinh hinh hanh ABGF. 

2. Taco: (ABBA’)// (CDD'C’) 

Mat khac ta co: (EFC)n (CDD’C’) = ( 

=>(EFC’)n (ABB’A’) = En thoa man 1 
=> En c (ABB'A’) 

Goi G la giao diem cua En va AA‘ 

=> EG//CF 

Vay: Thiet dien cua hinh lap phuong 
ABCD.A’B’C’D' cat boi mat phang (EFC) 
la tir giac CEGF thoa man EG // CF nen 
thiet dien can tint la hinh thang CEGF 

3. Taco: (ADD’A’) // (BCC'B') 

Mat khac ta co F la mot diem chung 

cua (EFC'); (ADD'A’) va C'la mot diem 
chung cua (EFC’); (BCC’B’). 

=t> (EFC”)n (ADD’A’) = Fm 
va (EFC')n(BCC’B') = C’t 
=>Fm // C’t. 

Goi H la giao diem cua Fm va AD; G 
la giao diem cua C’t va BB’. 

=> H; G thuoc mdt phang (EFC’). 

Ta co: (ABB’A’) // (CDD’C’) 

Mat khac ta co: (EFC’)n (CDD’C’) = C’F 
=> (EFC')n (ABB’A’) = Gy thoa man Gy// C'F. 

G(,)i E la giao diem cua Gy va AB 
=>(EFC’)n(ABCD) = EH 

Vaiy: Thiet dien cua hinh lap phuong ABCD.A’B’C’D’ cat bcri mit phang 
(EFC’) la ngu giac C'FHEG. 


n // CF. 
D 


A' 


B' 


D' 


C' 



97 



Gpi H la giao diSm cua Eg va BB’ => HK = (EFK)n (BB’C’C). 

Mat khac ta co (AA’D’D) // (BB’C’C) va F la mot diem chung cua 
(EFK); (AA’D’D) nen (EFK)n (AA’D'D) = Fk thoa man Fk // KH 

Gpi L la giao diem cua Fk va AD. Khi do ta co: FL = 
(EFK)n(A’B’C’D’). 

Vyy: Thiet dien cua hinh lap phuomg ABCD.A’B'C’D’cat bdi mat phang 
(EFK) la lye giac EHKGFL 

Bai 19: Cho hinh tu dien SABC. Goi M; N; P lan lugt la ba diem ndm trong 
tarn giac SAB; ABC; SBC. 

1. Xdc djnh giao diem cua duomg thdng MN va mdt phang (SBC) 

2. Gia sir tia AS cat mat phang (MNP) a ngoai doan thang SA va AC // 
(MNP). Xac dinh thiet dien cua hinh tut dien SABC cat bcri mat phang (MNP). 

3. Gia sir bai toan khong co su song song. Xac dinh thiet dien cua hinh tu 
diyn SABC cat bai mat phang (MNP). 
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1. Goi H la giao diem cua AM va SB; 

K la giao diem cua ANva BC. 

Ta co MN c (AHK) va HK = (AHK) n(SBC) 

Goi O la giao diem cua MN va Giai 

=> O e MN va O e HK c (SBC) => 0 = MNn(SBC). 

2. Goi U = OPn SB; R = OPn BC; V = MU n SA 
=> V = SAn (MNP). (V a ngoai doan thang SA) 

Mat khac ta co AC // (MNP) va AC e (SAC); 

AC e (ABC); (ABC) n (MNP) = NR; (SAC)n (MNP) = Vn. 

=> NR // AC; Vn //AC va Vn khong cat SC. 

Goi I. la giao diem cua UM va AB. 

Khi do U; M; L la cac diem chung cua hai mat phang (MNP) va (SAB) 

=> Ba diem U; M; L thang hang. 

Vay thiet dien cua hinh tir dien SABC cat bcri mat phing (MNP) la tarn 
giac RLU. 

3. Bai toan khong mat 
tinh tong quat gia su OP 
cat BC; SC lan lirgt tai R; 

Q. Goi L; G lan lugt la 
giao diem cua ducmg thing 
NR va AB; AC. 

Goi T la giao diem cua 
GQ va SA. 

Khi do ta co T; L; M 
thing hang. 

Vay thiet dien cua hinh tur di?n SABC cat boi mat phing (MNP) la tu 
giac LTQR. 

B&i 20: Cho hinh lap phucmg 

ABCD.A’B’C’D'. Goi M; N; P lin lugt 

la ba diem nim ben trong ba hinh vuong 

A’ADD’; ABCD; A’ABB’ (ba diem M; 

N; P dugc chpn nhu hinh vg) 

* 

1 . Xac djnh giao diem cua duong 
thing MN va mat phing (ABCD) 

2. Xac dinh thiet di?n cua hinh lap 
phucmg ABCD.A’B'C’D’ cit bcri mat 
phing (MNP) 
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Giai 

1. Goi I la giao diem cua hai duong thang 
A'M va AD. 

Goi K la giao diem cua hai duong 
thing IN va AB. 

Khi do ta co MN c(HKA'); 

KA’ = (IKA’)n(A’ABB’). 

Goi O la giao diem cua MN va KA’. 

=> O e MN; O e KA’ c(A’ABB’) 

=> 0 = MN n(A’ABB'). 

2. Goi R la giao diem cua OP va AB; 

Q la giao diem cua OP va A’B'; 

L la giao diem cua NR va AD; 

T la giao diem cua LM va A’D’. 

Vay thiet di£n cua hinh lap phuong ABCD.A’B’C’D’ khi cat bdi mat 
phang (MNP). 

Bai 21: Cho hinh lap phuong ABCD.A’B’C’D’co canh bang a. 

1. Xac djnh giao tuyen cua hai mat phang (A’DC') va (ABB’A’) 

2. Goi K; H lan lugt la trung diem cua doan thing AD; DC va 1 la mot 
diem tren canh BB’ sao cho B’l = 3IB. Xac djnh thiet dien cua hinh lap 
phuong ABCD. A’B’C’D’cit bdi mat phang (KHI). 

Giai 

1. Ta co A’ la mot diem chung cua hai m 
phing (A’DC) va (ABB’A’). 

Mat khac ta co AD // B’C’ va AD = B’< 

=> Tu giac ADC’B’ la hinh binh hanh 
=> AB’ // DC'. 

Ta co AB’ c(ABB’A’); DC' c(A’DC* 

Do do (ABB’A’)n(A’DC') = A’n 
thoa man A’n // AB’; A’n //DC’ 

2. Goi M la giao diem cua HK va AB 

N la giao diem cua MI va AA’ 

L la giao diem cua HK va BC 
P la giao diem cua IL va CC’. 

Vay thiit dien cua hinh lap phuong ABCD.A’B’C’D’ khi cit bdi mat 
phing (KHI) la ngu giac IPHKN. 



D' C' 
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B' C 



M 


Bai 22: Cho tu dien ABCD co AB 1 CD: A BCD vuong tai C; BDC = 30° 
Goi M la diem di dong tren BD; mat phang (P) qua M va song song AB; CD. 

1. Xac dinh thiet dien cua hinh tu dien ABCD cat bcri mat phang (P). 
Thiet dien la hinh gt? 

2. Gia sir AB = BD ■= a; BM = x(0 < x < a). Tinh dien tich S cua thiet dien 
cau 1 theo a va x. Xac djnh x de S dat gia tri 1cm nhat. Tinh gia tri lorn nhat nay. 

3. Voi gia thiet cau 2, xac djnh x de thiet dien cau 1 co hai ducmg cheo 
vuong goc nhau. 

Giai A 

I. Ta co AB // (P) 

Mat khae mat phang (P) cat mat phan^ 

(ABD) theo giao tuyen d qua M 
=> d // AB. 

*» 1 

Got N la giao diem cua duirng thang c 
va AD 

Ta co CD // (P) va (P) n (ACD) - Nx; B 

(P) n(BCD) = My 
=>Nx; My cung song song duong 
thang CD. 

Goi P = Nx n AC; Q = My n BC. 

=> NP // MQ va PQ = (P)n(ABC) 

Mat khac ta co AB // (P) va AB c (ABC) 
riAB// PQ => MN // PQ. 
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Ta co AB _L CD nen MN1 MQ. 

Vay ta co NP // MQ; MN // PQ; MN 1 MQ 

Do do thiet dien cua hinh tu dien ABCD cat boi mat ph&ng (P) la liinh 
chu nhat MNPQ. 

2. Dien tich S cua hinh chu nhat MNPQ la: S = MN. MQ (*) 



ft 

Thay (1); (2) vao (*) ta dugc: S = (a - x ). —— 


ft 

Xac djnh x de S = (a - x ). —— dat gia trj Ion nhat: 


T . o , . xV3 ^ yft> /r (a-x) + x l2 >/3.a 2 

Taco S = (a-x ).-< —([-^- - -] =-(a) 

2 2 2 8 


» > > CJ 

Bat aSng thuc (a) xay ra dau <=>a-x=x<=>x= — 

2 

V3 a 2 a 

Vay dien tich S dat gia tri Ion nhat la S max = — : — khi va chi khi x - — 

8 2 

(M la trung diem doan thing BD) 

3. Thiet dien cau 1 co hai duong cheo vuong goc nhau o hinh chu nhat 
MNPQ co hai duong cheo vuong goc voi nhau «tu giac MNPQ la hinh 
vuong 

Do do de thiet difn cau 1 co hai duong cheo vuong goc nhau ta can co 
them dieu kien MN = MQ 

X\ft 


oa-x = 


o x = 2a(2 - yft) 


Vay gia trj can tim cua x la: x = 2a(2 - \ft ) 
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Bai 23: Cho hinh lang tru ABC.A'B'C'. Mat phing (P) chua dudmg thing 
AC" \a song song vai duang thing B'C. Xac djnh thiet dien cua hinh lang 
tru ABC.A'B’C'cat bai mat phar C‘ 


Goi O = AC’ n A’C 
Ta co AC’ c= (P) => O e (P) 
Mat khac ta co B'C // (P) 
va(P) n(CA’B’) = Ot 
=> Ot // B'C 

Gci M la giao diem cua Ot 
va A’B’. 

Khi do M la trung diem cua 
doan thing A’B’ 

(Vi 0 la trung diem cua doan 
thing A’C; OM//CB’) 


Vay ta co; 



(P)n(ABB'A') = AM 


[(P)n(A’B'C , ) = C’M 

Do do thiet dien can tim la tam giac AMC’(M la trung diem cua doan 
thing A’B’). 

Bai 24; Cho tir dien deu SABC co canh a. Mit phing (P) qua S va song 
song BC cat AB; AC lan luot tai M; N. 

1. Xac djnh thiet dien cua hinh tu dien deu SABC cit bcri mit phing (P). 
Thiet dien do la hinh gi? 

2. Dit y = SM 2 + SN 2 + MN 2 ;(vdi AM = x; 0 < x < a). 

3. Xac dinh vj tri cua M tren AB de y dat gia tri nho nhat. Tinh gia trj 
nho r.hat do. 


Giai 

1. Taco BC//(P); BC e (ABC); 

MN = (P)n(ABC) 

=• MN // BC 

=> Thiet dien cua hinh tu dien 
deu SABC cit bai mat phing (P) la 
ASMN 


Mat khac ta co MN // BC 


AM 

AB 


= ^.=^AM = AN 
AC 


S 
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(vi hinh tir dien SABC deu nen AB = AC) 
o ASAM = ASAN (c.g.c) => SM = SN 
Vay thiet dien can tim la ASMN can tai S. 

2. Ta co AM = AN va MAN = 60° 


o AAMN deu => MN = AM = x 

Ta co SN 2 = SM 2 = SA 2 + AM 2 - 2SA.AM. cos60° = a 2 + x ; 
Do do ta co y = 2(a 2 + x 2 - ax) + x 2 = 3x 2 - 2ax + 2a 2 

= 3(x- -) 2 + — > — (*) 

3 3 3 

Bat dang thurc (*) xay ra dau “=” 


ax. 


a _ a ... a „ w a 2a 

ox-= 0 o x = - o AM = - o BM = a - - = — 

3 3 3 3 3 

Khi do — = - => MA = - — MB o MA = -- MB 

MB 2 MB 2 


Vay y dat gia tri nho nhat la y m 


5a J 


in 


khi va chi khi diem M chia doan 


thing AB theo ti so k = (MA = MB) 

2 2 

B4i 25: Cho tu di^n ABCD co AB =a; CD =b; AC = c. Goi M la diem bit ki 
tren c^nh AC( M khong trung A; C) 

1. Qua diem M dung mat phing (P)song song voi AB va CD. Xac djnh thiet 
dien cua hinh tu dien ABCD cat boi mat phang (P). Thiet dien thu du«c la hinh gi? 

2. Khi nao thiet di?n cau 1 la hinh chu nhat? 

3. Dat AM = x (0 < x < c). Tinh dien tich S cua thiet dien cau 1 trong 
truemg hop AB 1 CD. Tim vi tri cua M tren canh AC de S dat gia trj Ion 
nhat. Tinh gia trj 1cm nhat do. 


Giai A 

1. Ta co AB // (P); CD // (P); AB c (ABC); 
CDc (ACD); M e AC; M e (P) 

(P) n (ABC) = Mt // AB 
(P)n(ACD) = Mn//CD 

Gpi N = Mt n BC; P = Mn n AD. 

=> MN // AB; MP // CD. 

TacoN g (P);Ne(BCD); B 

CD // (P); CDc (BCD). 
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-> (F) n (BCD) = Nv //CD. 

Goi Q = Ny n BD. 

=> PQ (P) n (ABD); NQ // MP 
Mat khac ta co AB // (P); AB c (ABD). 

=* PQ // AB => PQ //MN 

Vay thiet dien cua hinh tir dien ABCD cat hoi mat phang (P) la tir giac 
MNQP co PQ // MN va NQ // MP. Do do thiet dien can tint la hinh binh 
hanli MNQP. 

2. Thiet dien MNQP la hinh chu nhat khi co them dieu kien MNQ = 90 n 

Mat khac ta co goc ciia hai dirdng thang MN; NQ la goc cua hai duong 
thang AB; CD 

Do do MNQ = 90° khi va chi khi AB i. CD. 

Vay thiet dien cau 1 la hinh chu nhat khi AB 1 CD. 

3. Khi AB 1 CD ta co tir giac MNQP la hinh chu nhat. Do do thiet dien cau 
1 co dien tfch S la: 

s - mKi.nq 


Taco MN //AB => 


MN 

AB 


CM 

CA 


MN = CA-AM 
AB CA 


MN = AB. 


CA-AM 


CA 


MN = a. 


c-x 


Ta co NQ // CD 


NQ BN 


CD 


Mat khac ta co MN // AB => 


BC 
BN 


(1) 


BC 


^( 2 ) 

AC 


NQ AM XI _ AM 

Thay (2) vao (1) ta duoc-=-=> NQ = - 

CD AC AC 


.CD 


NQ = -.b 
c 


.. c C-x X ab ab X+Cc-X) 2 ah 

Dodo S = a.-. — ,b = x(c - x ).— < - T [ ————] = — (*) 

c c c' c 2 4 


, , c 

Bat dang thurc (*) xay ra dau “=” o x = c- xo x = — 

2 

e Mia trung diem cua doan thang AC. 

Vay dien tich S dat gia tri ion nhat la S ma , x = — khi va chi khi M la trung 

4 

diem cua doan thang AC. 
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Ban dpc giai them mot so bai sau \ 

Bai 26: Cho hinh hop ABCD.A’B’C’D’. Tren cac canh AA’; BC lan lircrt 
lay cac diem M vaN khong trung vai cac dinh cua hinh hop. Trong hinh 
binh hanh A’B'C’D’ lay mot diem P. Xac djnh thiet dien cua hinh hop khi 
cat bai milt phing (MNP). 

Bai 27: 


1. Cho hinh chop S.ABCD co day la hinh binh hanh tarn O; CA = : a; BD = b; 

ASBD deu. Mat phang (P) di dong song song mat phang (SBD) va luon qua 
* 

diem I tren canh AC. 

a. Xac dinh thiet dien cua hinh chop S.ABCD vai mat phang (P) 

b. Tinh dien tich cua thiet tren theo a; b va x = AI. 


2. Cho hinh chop tu giac deu S.ABCD co canh day bang a; duong cao SO = a 75 

a. M la diem tren doan thing OC; AM = x. Qua diem M dung mat phing 
(P) song song SA va BD. Neu each dung thiet dien va tinh dien tich thiet 
dien theo a va x. 

b. M la diem tren doan thing OA; AM = x. Qua diem M dung mat phing 
(P) song song SA vs BD. Neu each dung thiet dien va tinh dien tich thiet 
di?n theo a va x. 

4. Bai to&n 4: Chung minh duong thang song song mat phang. Chung 
minh hai mat phang song song 
Phirang phdp: 

- Chung minh duong thang d song song mat phang (P) 

+ Cach l : Ta chung minh d khong chua trong mat phing (P) va d // a c (P) 
+ Cach 2: Chung minh d thupc mit phing a va a II (P) 

- Chung minh hai mat phing a ; P song song ta chung minh co hai duong 
thing d;d’ cit nhau trong a lin lucrt song song P. 


Vi dy: 

B&i 1: Cho hinh binh hanh ABCD va ABEF khong cung nam trong mot mit 
phing. Goi O; O’ lan lugt la tarn cua cac ABCD va ABEF. Goi Gg Gi lan 
lugrt la trong tarn cua tarn giac ABD; ABE. Chung minh rang: 

1. OO’ //(ADF) 

2. OO’ //(BCE) 

3. G,G 2 // (CEF) 

Giai 

1. Ta co OO’ la duong trung binh cua tarn 
giac BDF nen OO’ // DFc(ADF) 

=> OO’ // (ADF) (dpcm) 




2. Taco 007/DF 

=>007/ CE c (BCE) =>00’ //(BCE) (dpcm) 

3. Goi I la trung diem canh AB 

=> I la giao diem cua DG| va EG; 

IG, IG, 1 
ID ' IE ~ 3 

=> G,G 2 // DE MaDE c(CEF) => G,G 2 // (CEF) (dpcm) 

Bai 2: Cho hinh chop S.ABC. Goi I; J; K lan luot la trong tam cua cac tam 
giac SAB; SBC; SAC. 

1. Chung minh rang: (UK) // (ABC). 

2. d im tap hop cac diem M nam trong hinh chop S.ABC sao cho KM 
song song mat phang (ABC) 

Giai 

1. Chung minh rang (IJK)//(ABC) 

Goi F la giao diem cua cac duong thang SI va AB; 

V la giao diem cua cac duong thang SJ va BC 
K‘ la giao diem cua cac duong thang SK va CA. 

„ , SI SK SJ 2 

Ta co — =-= — = - 

SE SK 1 SJ' 3 

=^> IK // I’K’; KJ //K’J’ 

Mal’K’c(ABC); K’J’c(ABC) 

(UK )//(ABC) 

2. Ta co KM // (ABC) khi va chi khi 
thuoc mfit phang (P) qua K va song song (/ 

Goi A’; B’; C’ lan luot la cac giao 
diem cua (P) vcri SA; SB; CS. 

Khi do A’B’ //AB; B’C’ // BC; C’A’ //CA. 

Theo gia thiet M nam trong hinh chop S.ABC nen tap hop cac diem M 
thoa bai toan la tam giac A’B’C’. 

Bai 3: Cho hinh chop S.ABCD day la mot tir giac loi. Goi M va N lan luot 
la trong tam cua hai tam giac SAB va SAD; E la trung diem cua canh CB. 

1. Chung minh rang: MN // DB 

2. Xac dinh thiet dien cua hinh chop S.ABCD khi cat boi mat phSng (MNE). 

3. Gpi H; L lan lugft la cac giao diem cua mat phang (MNE) voi cac canh 
SB; SD. Chung minh rang LH // BD. 
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Giai 

1. Goi M' la giao diem cua SM voi AB; N' la giao diem cua SN voi AO 

=> N'; M' lan luot la trung diem canh AD; AB. 

, N’N M’M 1 S 

va ta co —— =-= - A 

N'S M'S 3 

=>NM // N’M’va M’N' // BD 

^NM // BD (dpcm) 

2. Ta co E la mot diem chung cua 
hai mat phang (MNE); (ABCD). 

Mat khac ta co NM // BD nen 
(MNE) n (ABCD) = Et 

=> Et song song voi duong thing NM va BD 
Goi 1; F lan luot la giao diem cua Et vai BA va DC 
Duong thang IM cat SA; SB lan luot a K; H. 

Duong thang KN cat SD 6 L 
Thiet dien can tim la ngu giacLFEHK 

3. Ta co NM c (MNE); BD c: (SBD); MN//BD va (MNE)n (SBD) = HE 
=> LH // BD (dpcm) 

Bai 4: Cho hinh lang tru ABC.A’B'C'. Goi I; J; K lan luot la trong tarn cua 
A ABC; A A'B'C’; A ACC.Chung minh rang: 

1. (1 JK) // (BB'C’C). 

2. (A’ JK)// (AIB’). 

Giai 

1. Goi M;N lan luot la trung diem 
canh BC; C’C va O la giao diem 
hai ducmg cheo AC'; A’C. 

=> K la giao diem cua hai 
duong thang OC va AN 
T . AI AK 2 

AM AN 3 

IK // MN. 

MaMN c (BCC’B’Hl) A 
Mat khac tu giac AI JA’ la hinh 
binh hanh nen IJ // AA’ 

=> IJ // BB’ (2) 

Tir (1) va (2) ta co:(IJK) // (BB’C’C) (dpcm) 
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2. Goi H la trung diem canh B'C’ 

Ta c<) tur giac B'HCM la hinh binh hanh nen B'M // HC (3) 

Ma B'Mc (AI B); HC c(A" JK) (4) 

Do t(r giac AIJA" la hinh binh hanh nen AI // A'J (5) 

Fir (3); (4) va (5) ta co:( A'JK) // (AIB - ) (dpcm) 

Bai 5: Cho hinh hop ABCD.A'B'C'D'. Goi M la diem bat ki thuoc canh 

AD; N la mot diem thuoc canh D'C’ sao cho = ^ 

' ‘ DM CN 

1. Chung minh MN // (C'BD) 

2. Xac djnh thiet dien cua hinh hop ABCD.A'B'C’D’ cat bai mat phang 
(P) qua MN va song song mat phang (C'BD) 

Giai 


1. Theo de ra ta co:-=- 

MD NC 

AM = DM = AM + MD _ AD 
^ D'N NC' D'N + NC D’C' 

Theo djnh li dao cua dinh li Ta-let, tCr (1) 
MN; DC’; AD' cung song song vai mot mat 
phang (Q) 



Matkhac ta coAD'//BC’ 


=> BC'//(Q) 

Vay DC’ It (Q); B C’ // (Q) 

=> (C’BD) // (Q) 

Ta co MN khong thuoc mat phang (C’BD) va MN // (Q) 

Do do MN // (C'BD) 

2. Taco (P) //(C’BD) 

+ (ABCD) n (C’BD) = BD; (ABCD)n (P) = Mx 
=> Mx // BD. 

Goi F. la giao diem cua Mx va AB 
+ (DCC’D’)n (C’BD) = C’D; (DCC’D’)n(P) = Ny 
Ny // C'D 

Goi J la giao diem cua Ny va DD’ 

Mat khac ta co AB’// C’D va BC’// AD’ do do (AB’D’) // (C’BD) 
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=> (P) // (AB’D’) 

+ (ABB’A’ )n(AB’D') = AB'; (ABB’A')n(P) = Et 

=5 Et // AB' 

Duong thing Et cit BB’ tai F 

+ (A'B'C'D' )n(AB'D') = B'D'; (A'B’C'D' )o (P) = Nm 

=> Nm // B'D’ 

Duong thSng Nm cit duong thing B’C’ tai I 

Vay: Thiet dien can tim la luc giac MEFINJ 
Bai 6 : Cho hinh hop ABCD.A’B’C’D'. Goi P; Q; R; S lan lugt la tam cac 
mat ben cua ABB'A’; BCC'B'; DCC'D’; DAA'D’. 

1. Chung minh RQ //(ABCD); (PQRS) // (ABCD). 

2. Xac dinh thiet di^n cua hinh hop ABCD.A’B’C'D' cat boi mat phing 
(AQR) 

3. Goi M la giao diem cua duong thing CC’voi mit phing (AQR). Hay 

, , , x MC 1 

tinh ti so- 

MC 


Giai 


1. Ta co QR la duong trung binh cua tam giac BDC’ 
QR // BD 
=>QR // (ABCD) 

Ta co PQ la duong trung binh cua tam giac ACB’ 


=> PQ // CA 
=>PQ // (ABCD) 

^ (PQRS) // ( ABCD) 

2. Ta co QR // (ABCD) 

Mit khac mit phing (AQR) cit mit 
phing (ABCD) theo giao tuyin qua A; giao 
tuyen nay song song QR cit CD tai N 
NA // QR 

Trong mit phing (DCC’D’) duong thing 
NR cit DD’; CC’ lan lugt tai E; M. 

Trong mit phing (BB’C’C) ducmg thing 
QM cit BB’tai F 



Vay: Thiet dien can tim la tu giac AEMF. 
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3. Ta co NA // QR => NA // BD 
=> N la trung diem doan thang CN 
Mat khac ta co A DER = A C’MR 
=> I)E = C’M (1) 


TacoDH// MC nen 
Tir (1) va (2) ta co 


DE ND 


CM NC 
MC' \_ 

2 


( 2 ) 


MC 

Bai 7: Cho hinh lap phuong ABCD.A’B’C’D’ canh a, Goi M; N lan luot la 
cac diem tren cac canh AD’; BD sao cho AM = DN = x(0<x < a V2 ) 

1. Chung minh khi x bien thien, duong thang MN luon song song veri 
mot mat phang co djnh. 


2. Chung minh rang khi x = 


a 


4~2 


thi MN // A’C 


Giai 


1. Cdch I : Goi (P) la mat phang qua AD va song song veri mat phang (A’D’CB). 
Goi (Q) la mat phang qua M va song song voi mat phang (A’D’CB) 


Gia su (Q) cat BD tai N’ 


D'. 


C' 


Ta co: 


AM DN’ 


(Dinh li Ta-let) 


(1) 


A 


B' 


M 


D 


N 


0 


B 


AD' DB 

Mat khac ta co hinh lap phuong ABCD.A’B’C’D 
canh a nen AD’ = BD = a V2 (2) 

Tir (1) va (2) ta co: AM = DN’ 

Ma AM = DN = x => DN’ = DN = x 
=> N’ = N => MN c (Q) 

Ta co (Q) // (A’D’CB) => MN // (A’D’CB): c6 djnh (dpcm) 

Cdch 2: 

_ t .AM MD' AD’ 

iheo de ra ta co:-=-=- 

DN NB BD 

=> AD; MN luon song song voi mot mat phang (Dinh H Ta-let dao) 
Vay MN luon song song mat phSng (Q) 

% t 9 

Chon mat ph&ng (Q) trung vdi mat phang (A’D’CB) co djnh 
(Vi AD // BC c (A’D’CB)) 


-C 
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y ■» 

2. Goi O la giao diem cua hai dircmg thang CA va BD 

Ta co DN = x = va OD = — => DN = — DO 

3 2 3 

=> N la trong tam tam giac ACD 

Vai tro M; N trong bai toan nhir nhau nen ta cung co M la trong tam tam 
giac AA’D 

Goi I la trung diem canh AD ta co C; N; 1 thang hang va A'; M; I thang hang 

Khi do — - - = — => MN // A'C (dpcnt) 

IA 1 3 IC 

Bai 8: Cho hinh lang tru ABC.A’B’C’. Goi 1; J; K ldn luat la tam hinh binh 
hanh ACC'A'; BCC’B’; ABB'A’. 

1. Chung minh JI // (ABB’A'); JK // (ACC’A’); IK // (BCC’B’) 

2. Chung minh (JIK) song song mat phang chtra day hinh lang try 

Giai 

1. Ta co Jl la duong trung binh cua tam A 
giac C’AB 

=> JI // AB va JI khong thuoc mdt 
phdng (ABB’A') (Neu JI thuoc mat phang 
(ABB’A’) thi C; C’ thuoc (ABB'A’) trai 
vai de cho ABC.A’B’f ’ la hinh lang tru) 

=> Jl// (ABB’A’) 

Ta co JK // CA => JK // (ACC’A’); 

IK//BC =>IK//(BCC'B’) 8 

2. Ta co JI // AB vaJK//CA 
=>(KJI) // (ABC) 

Mat khac ta co (A’B’C’)// (ABC ) 

=> (KJI) // (A’B’C’) 

Bai 9: Cho hinh hyp ABC.A’B’C’. Gpi M; N la hai diem lan luot tren hai 

AM CN 

canh AD; CC sao cho D’C’ sao cho-=-. 

DM C’N 

1. Chung minh MN // (ACB’). 

2. Xac dinh thiet dipn cua hinh hop ABCD.A’B’C’D’cat bai mat phang 
(P) qua MN va song song mat phang (ACB’). 
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Giai 


1. Dirng dircrng thang qua M va song song dirang thang AC c£t duang th&ng 
CD tai P AMq 



Ma MN c(MNP) => MN // (ACB'). 

2. Ta co P thuoc mat phang (P) 

=> (P) chinh la mat phang qua ba diem M; N; P 
Taco (ADD’A’) // (BCC'B’) 

Mat khac ta co (MNP)n (ADD'A*) = Mt; (MNP)n (BCC’B') = Nx 

=> MT //Nx. 

Goi S la giao diem cua Mt va A’A; Q la giao diem cua B’C’ va Nx. 

Taco (ABCD) / (A’B'C’D') 

Mat khac taco (MNP)n(ABCD) = MP; (MNP)n(A’B'C’D') = Qy 
=> Qy//MP => Qy// A’C'. 

Goi R la giao diem ctia Qy va A'B'. 

Vay thiet dien cua hinh hop ABCD.A'B'C'D’cat boi mat phang (P) qua MN 
va song song mat phang (ACB’) la luc giac MPNQRS co MP // RQ; RS // NP; 
MS// NQ. 

Bai 10: Cho hai hinh btnh hanh ABCD va ABEF khong cung thuoc mpt mat phang. 

Gpi M; N lan luot la hai diem thuoc hai canh BD; AE sao cho . 

BD AE 

1. Chung minh rang: (BCE) // (ADF). 

2. Chung minh rang: MN // (EDF). 
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1. Ta co BC // AD c (ADF) 

BE //AFcz(ADF) 
f BC //(ADF) 

^ [BE//(ADF) 

Mat khac ta co BC; BE cat nhau 
nim trong m$t phing (BCE). 

=> (BCE) // (ADF) (dpcm) 

2. Trong mat phang (ABEF) dung 0 
duong thing d qua N va d // EF 

Goi Q = d n AF 
=> NQ // EF NQ // AB. 

Trong mat phang (ABCD) dyng ducmg thing d' qua M va d’ // AB 
Goi P = d’nAD 

=> MP // AB => MP // NQ M; N; P; Q dong phang 

AO AN 

Mat khac ta c6 NQ//EF => — - 

AF 

BM AN 



AE 


( 1 ) 


Taco 


BD AE 


Ta co MP // AB => 


BM AP 


( 2 ) 


(3) 


Tu(l);(2); (3) 


BD AD 
AQ _ AP 
AF AD 

=> PQ // DF c(EDF) => PQ // (EDF) 

Theo chung minh tren ta co NQ // EF c (EDF) => NQ //(EDF) (b) 
Tu (a); (b) ta co (MP, NQ) // (EDF). Ma MN c(MP, NQ) 

=> MN // (EDF) (dpcm) 


(a) 


5. Bai toan S: Chung minh ba duong thang dong quy. Chung minh nhieu 
diem dong piling 

Phurmg phdp: Chung minh ba dudmg thing dong quy ta co the dung mqt 
trong cac each sau: 

Cach 1: Chung minh ba dudng thing do khong dong phing va cit nhau 
timg doi mqt. 
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( ach 2: 

- C'hi'mg minh hai trong ba duang thang tren cat nhau tai mpt diem I 

- C'hi'mg minh dirbmg thang con lai di qua I 

(Co the xet bai toan chung minh nhieu duang thang dong quy) 

Phurrng phdp: Chung minh nhieu diem dong phang bang each chung 
minh cac diem do nSm tren hai duang thang cat nhau (Hoac chung minh 
bang phan chung) 

Vidy: 

Bai 1: C’ho tu dien ABCD. Mot mat phang 
a khong chua AB cat cac c^nh CB; CA; 

BD; AD lan luot tai N; M; P; R. Gia sir bai 
toan khong co sir song song. Chung minh 
cac duang thang MN; AB; PR dong quy. 

Giai 

+ Cac duang thang MN; AB; PR khong 
dong phang 

Th(tt vay: Neu MN; AB; PR cung thuoc 
mot mat phang (Q) 

=» M; N; A; B; P; Q e (Q) 

Ta co N; B e (Q) =>Ce (Q) 

TacoB;P e (Q) => De (Q) 

=> A; B; C; D e (Q) (Trai gia thiet ABCD la tu di?n ) 

+ Trong mat phang (ABC) hai duang thang AB; NM khong song song 

9 1 

nen c3t nhau tai mpt diem. 

+ Trong mat phang (ABD) hai duang thang AB; PR khong song song 
* % 

nen cat nhau tai mot diem 

+ Trong m$t phang a hai duang thang PR; NM khong song song nen cat 
nhau tpi mpt diem. 

V$y: Cdc duang thang MN; AB; PR khong dong phang va cat nhau tung 
doi mpt nen chung dong quy 

Bai 2: Cho mot tur dipn. Chung minh rang: Cac duang thang ndi moi dinh 
vai trong tarn cua mat doi dipn dong quy. (Diem chung do gpi Id trgng tam 
cua tic difn) 
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Giai 

Bai toan khong mat tinh tong quat gia 
sir dang xet la tu dien ABCD 

Goi Ga; G b ; Gc; Gd lan luot la trong 
tarn ciia tarn giac BCD; ACD; ABD; ABC. 
Goi M la trung diem canh CD, ta co: 

. 1 . MO, BA 

MB J MA 
Trong mat phang (ABM), hai duong 
thing cit AG a ; BGb nhau tai h; 



Ta co ; ■ — 


l|G„ _ G a G b _ 


Goi I 2 la giao diem cua AG a ; DGd 
G oi N la trung diem canh BC, trong 
mat phing (AND) hai duong thang cat 
AG a ; DGd nhau tai I 2 
Chung minh tucmg tu nhu tren ta cung 


co : - 


=> I, — 1 2 


Vay duong thing DGd di qua giao 
diem I| cua hai ducmg thing AG a ; BGb 

Chung minh tuong ty ducmg thing CGc di qua giao diem I| cua hai 
duong thing AG a ;BG b 

Ket lu|in: Bon duong thing AG a ; BG b ; CGc ; DGd dong quy tai I|. 

Bsti 3: Cho mmt hinh chop tu giac S.ABCD co day la mpt tu giac loi. Goi 
M; N; E; F lan luot la trung diem cac canh ben SA, SB; CS; SD. 

1. Chung minh ba duong thing ME; NF; SO dong quy (O la giao diem 
cua hai duong thing CA; BD) 

2. Chung minh bdn diem M; N; E; F dong phing ? S 

Giai 

I. Trong mat phing (SAC); goi 1 la giao m// 

diem cua hai duong thing SO va ME / E \ 

=> MI // CA . —--^> D 

Mat khac ta co M la trung diim canh SA s' 

nen I la trung diem doan thing SO “ 
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Do do 1 thuoc duong trung binh NF cua tam giac SBD 
Vay ba duong thing ME; NF; SO dong quy tai trung diem I cua doan 
thing SO. 

2. Ta co bon diem M; N; E; F trong do co hai diem M; E thuoc dudng thang 
a qua E a song song vdi duong thang C'A va hai diem N; F thuoc duong 
thang b qua I; song song duong thang BD. 

Vay: Bon diem M; N; E; F cung thuoc mat phang xac dinh boi hai dudmg 
thang a; b cal nhau. 

Bai 4; (ho n diem (n > 3) 

1. Neu n diem do khong co 4 diem nao dong phang, chung minh rang 
khong co ba diem nao trong chung thang hang. 

2. Trong n diem tren bat ki bon diem nao cung thang hang. Chung minh 
rang; n diem do dong phang. 

Giai 

1. Gia su co ba diem A; B; C trong n diem do thang hang. 

Khi do lay bat ki mot diem (ching han diem D) trong n - 3 diem con lai, 
ta co bon diem A; B; C; D dong phing (trai gia thiet) 

2. *Truhig hap I: Neu n diem cho thang hang thi ta co n diem do dong 
phang (dpcm ) 

*Trmmg hap 2: Neu n diem cho chung khong thing hang thi ton tai it 
nhat ba dieni khong thang hang. Chang han ba diem khong thing hang trong 
n diem cho la; A, B C. 

Mit khac ta co trong n diem cho bat ki bon diem nao cung thing hang 
nen moi diem cua n diem tren deu thuoc mat phing (ABC). Vay n diem cho 
dong phang (dpcm) 

Bai 5: Cho hinh chop S.ABCD, day ABCD la hinh chu nhat. Goi M; N; E; F 
lan luot la trong tarn cua tam giac SAB; SBC; SCD; SDA. Chung minh rang: 

1. Bon diem M; N; E; F dong phang ? 

2. Tir giac MNEF la mot hinh thoi . 

3. Ba duong thing ME; NF; SO dong quy (O la giao diem cua CA va BD) 

Giai 

1. Goi M'; N’; E‘; F’ lan luot la trung diem canh AB; BC; CD; DA 

T . SM SN 2 

1 a co —— =-= 

SM SN’ 3 
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=>MN// M’N’ va MN = 

2 

s 

= - M’N (a) 

3 

M\ 

/r\\ 

Chung minh tuong tu ta 

co: 

/; i \ \ \ \ 

E F // E’F’ va EF = 

| E’F’ (b); 

/7/; vp 

' / / i \\ 

NE // N’E’ va NE = 

- N’E’; 

3 

2 

A- ; 

M, 

• 0 . 

MF // M’F’ va MF = 

- MT’ 

B N' 




4 


'D 


Mat khac ta co M’N’ la duong trung binh tam giac ABC 

^ M’N' // CA va M’N’ = — CA (1) 

2 

Ta co E’F’ la duong trung binh tam giac DAC 

1 


E’F’ // CA va E’F’ = - CA (2) 

2 


1 


=>Tir (1) va (2) ta co M’N’ // E’F’ va M’N’ = E’F’ = -CA (c ) 

Tir (a); (b); (c) ta co: MN // E F 

Vay: Bon diem M ; N; E; F dong phang (dpcm ) 

2. Tir (a); (b); (c) ta co MN = E F 

Chung minh tuong tu cau 1 ta co: N’E’ = M’F’ = — BD 

Mat khac ta cc CA = BD 

Do do MN = NE = F E = FM 

V£y: Tu giac MNEF la mot hinh thoi (dpcm ) 

3. Theo chung minh tren ta co: M’N’- N’E’= E’F’= F’M’ 

Do d6 tu giac M’N’E’F’ la mot hinh thoi nen 0 la giao diem hai duong 
cheoM’E’ vaN’F’ 


Khi do ta c6 SO = (M’N’S)n (N’F’S) 

Gpi I la giao diem cua ME va NF 

=> I e ME c= (M’E’S); leNFc (E’N’S) => I e SO 

=> Duong thang SO di qua I 

Vay: Ba ducmg thang ME; NF; SO dong quy (dpcm) 
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Bai 6: ( ho tu dien ABCD. Goi M; N; P; Q lan luqrt ndm tren cac canh AB; 
BC; ('!):.DA. Chung minh rang: dieu kien can va dii de M; N; P; Q dong 


phang la 


MA NB PC QD 
MB NCPDQA 


Giai 

Ciia sir bon diem M; N; P; Q dong phing, ta chung minh: 


MA NB PC QD = i 
MB NC PD QA 

Goi (R) la mat phang qua bon 
diCm M; N: P; Q 

Dung duong thang d bat ki cat 
mat phang (R) tai diem O. 

Qua cac diem A; B; C; D Ian 
luot dung cac malt phang (V); 
(T); (L); (G) song song vai mat 
phang (R) va cat duong thing d 
theo thu tu tai A’; B’; C’; D’. 

Theo djnh li Ta-let cho cac 
mat phang (V); (T); (R) tren AB 
va d ta co: 



MA = OAC 
MB OlT' 

Theo djnh li Ta - let cho cac mat phing (T); (L); (R) tren BC va d ta co: 

NB _ OB~' 

NC OCT’ 

Theo dinh li Ta - let cho cac mat phang (L); (R); (G) tren CD va d ta co: 

PC = or 
PI) OD"' 


Theo dinh li Ta - let cho cac mat phing (R); (V);(G) tren DA va d ta co: 

QD _ OD~’ 

QA OA - ' 
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Do do ta co: 


manbpc qd = ovob;oc; OD' 

MB'NC'PD'QA OB’ ‘ OC ’’ OD* OA* 


l(dpcm) 


* Gia sir bon diem M; N; P; Q lan lucrt nam tren cac canh AB; BC: CD; 
DA thoa man: 


MA NB PC 
MBNCPD 


QD 

QA 


= Ha) 


Ta churng minh bon diem M; N; P; Q dong phang 

Goi Q’ la giao diem cua mat phang (MNP) va duxrng thang AD ta co: 


MA NB PC Q’D 

mb'nc'pd'qa 


l(b)(theo gia thi (a)). 


Tu (a) va (b) ta co: 

=> Q’ s Q 


QD 

QA 

l 


Q’D 

(TA 


=> Bon diem M; N; P; Q cung thuoc mat phang (MNP) 

Vay: bon diem M; N; P; Q dong phing (dpcm ) 

Bai 7: Cho tu dien ABCD. Goi M; N; P; Q lan lirot nam tren cac canh AB; 
BC; CD; DA. 


1. Chung minh rang: neu 


MA _ PD . NB QA 


va 


MB PC NC QD 


thi bon diem M; N; 


P; Q dong phang. 

2. Goi O la diem bat ki. Chung minh rang: neu M; N; P; Q lan lui.rt la 
chan dudng phan giac trong cua cac goc dinh O cua cac tarn giac OAB; 
OBC; OCD; ODA thi b6n di^m M; N; P; Q d6ng phang. 

3. Chung minh rang: neu bon diem M; N; P; Q dong phang va ba dirong 
thing AB; CD; NQ cung song song vai mot mat phang thi ba dircrng thang 
BC; DA; MP cung cung song song vai mot mat phang. 


Giai 


1. Taco 


MA 

MB 


MA PD 


MB PC 


PD 

PC 

= 1 
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NB QA 
NC QD 

NB QA 
nc QD 

MA NB PD QA 
MB ' NC ‘ PC ’ QD 


Iheo bai 6, tir 


MA NB PD 
MB NC PC 


QA 

QD 


= 1 => bdn diem M; N; P; Q dong phang. 


2 . 


Theo tinh cimg hirong dircrng phan giac ta co: 


\1A QA NB OB 

MB (Mi - NC OC' 

PC = _ OC QD = OP 

PD QD' QA OA 

_ MA NB PC QD _ 

’’ MB NC PD QA 


ITieo bai 6. tir 


MA NB PC 
MB ' NC ' PD 


QD 

QA 


o 



= 1 => bon diem M; N; P; Q dong phang. 


3. Ta co bon diem M; N; P; Q dong phang va ba dirbmg thang AB; CD; NQ 
cung song song vcri mot mat phang. Ba dutmg thang AB; CD; NQ chan tren 
AD va BC nhinig doan thang tucmg img ti le: 


QA NB 
q!) NC 


NB QD 
NC ' QA 


= 1 ( 1 ) 


Mat khac ta co bon diem M; N; P; Q dong phing 

, 2 ) 

MB NC PD QA 


Tir (1) va (2) ta co: 

MA PC _ } _ MA _ PD 
MB' PD "MB PC 

=> Ba dirang thang BC; DA; MP cung cimg song song vcri mot mat phang. 
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Bai 8: Cho tu dien ABCD va diem M nam trong tarn giac BCD. Dung 
ducmg thing d qua M song song vcri hai mat phang (ABC); (ABD). Gia sir 
ducmg thing d cat mat phing (ACD) tai B’. 

Chung minh rang cac ducmg thing AB’; BM; CD dong quy. Chung minh 


rang: 


MB’ S 


AB 


_ AMCD 
S ABCD 


(voi S AMCD la dien tich cua tarn giac MCD). Tinh tong 


MB' MC' MD' . , , , , • . 

- + - +- (voi C la giao diem cua d| va mat phang (ABD); D 

AB AC AD 

la giao diem cua d 2 va mat phing (ABC). Biet d| la duong thang qua M 
song song vdri hai mat phing (ACB); (ACD) va duong thang d 2 la duong 
thing qua M song song vdri hai mat phang (ADC); (ADB)). 

Giai 

* Ta co MB’ qua diem M va song song vdri hai mat phang (ABC); (ABD). 
=> MB’ // AB = (ADC) n (ADB) 

Gpi (P) la mat phing xac djnh bcri hai ducmg thang song song MB'; AB. 
Trong mat phing (P) dudmg thing MB cat duong thang AB’ tai diem I 
VaytacoM e (BCD); I e MB <z (BCD); B’ e (ACD); I e AB’c(ACD). 

I e (BCD) 

1 e (ACD) 

Do do cac ducmg thing AB’; BM; CD dong quy tai diem I (dpcm). 


I e CD = (BCD) n (ACD) 


♦Ta co MB’ // AB 


MB’ 1M 


AB IB 
Goi H la hinh chieu vuong goc cua 
B tren ducmg thing CD; 

M’la hinh chieu vuong goc cua 
M tren ducmg thing CD. 

IM MM' 


Khi do MM’ // BH => 


Mat khac ta co: 


IB BH 
1 


s amcd = 2 MM ’ CD 

S ABCD =-BH.CD 



*AMCD _ 
5 ABCD 


MM' 

BH 


IM 

IB 


MB’ 

AB 
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VAy 


MB 

AB 


; amcd 

S ABCD 


*1 inh tong 


MB' 

AB 


MC' 

+ - 

AC 


MD' 

+•- 

AD 


Chung minh tirang tu nhu cong thirc (a) ta c6: 


MC 

_ S AMBD . 

MD' 

_ S AMBC 

AC 

S ABCD 

AD 

S ABCD 


MB' 

_L 

MC 

MD’ 

4. 

_ S AMCD 

. S AMBD 

, S AMBC 

AB 

AC 

AD 

S ABCD 

1 

S ABCD 

S ABCD 


= S AMCD + S AMBD +S AMBC _ S ABCD 
S ABCD S ABCD 



Van de III 

VECTCf TRONG KHONG GIAN 
QUAN HE VUONG GOC TRONG KHONG GIAN 


A. cAn nhc< 

I. Vecto - 

1. Vecto trong khong gian la mot doan thang dinh huong, do la mot doan 
thang da dirge chi ro diem diem dau va diem cudi. 

- Vecto - co diem dau la A va diem cuoi la B. ki hieu la A13 

- Vecto co diem dau va diem cuoi trung nhau goi la vecto-khong, ki hieu 0. 
Vay MA = 0 <=> M s A. 

- Duong thang di qua diem dau va diem cuoi cua vecto khac vecto - - 
khong duoc goi la gia cua vecto do. 

- Khoang each giua diem dau va diem cuoi cua vecto goi la dg dai cua 
vecto do. Ki hieu do dai cua vecto A B la AB 

Vay |Ab| = AB = BA va |6| = 0 

2. Hai vecto duoc goi la ciing phuong neu chung co gia song song ho3c 
trung nhau. 

Hai vecto co gia cat nhau duoc goi la hai vecto khong cimg phuong. 

- Neu hai vecto cung phuong thi chung ciing huiVng. hoac chung ngugc 
huong. 

- Vecto-khong ciing phuong. ciing huong vdi moi vecto 

3. Hai vecto goi la bang nhau neu chung ciing huong va ciing do dai 

Hai vecto , f, bang nhau ta viet ci = b . 

- _ a b cung huong 

Vay a -b <=> ^ ^ 

a = b 

II. Phep cong vecto - 

1. Djnh nghTa 

Cho hai vecto a , h . Trong khong gian lay mot diem A tuy y, dung A B = a ; 
BC = b . 

Khi do AC duoc goi la tong cua hai vecto a, b . 

Ki hieu AC = u + b (*). 
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Trong djnh nghTa tren co the lay diem A trung vdi diem dau cua vecta 
- Phep lay tong cua hai vecta duac goi la phep cong hai vecta . 

*Chu y: Cac quy tac 


a 


a. Tir (*) ta co AC = AB + BC (Quy tac ba diem) 

b. Quy tac hinh binh hanh: A 

Neu tu giac OABC la hinh binh ^ c 

hanh thi ta co: OB = OA + OC 

c. Quy tSc hinh hop 

Cho hinh hop ABCD.A'B'C'D" vdi AB, AD; AA’ la ba canh co chung dinh 
A va AC‘ la mot dudng cheo. Ta co: AC’= AB + AD + AA' 

d. Md rong quy tac ba diem 

Cho n diem Ac A 2 ; A 3 ;...; A n -i; An bat ki, ta co: 


A|A, + A 3 A, + ... + A n l A„ - A,A n 
2. Cac tinh chat: 


a. a + b = h + a; V a, b (Tinh chat giao hoan) 

b. ( a + b ) + c = a +(b+ c) (Tinh chat ket hop) 

c. a + 0 = a 


d. 


a + b 


a 


+ 


V a, b 


III. Ph^p trir vecta: 

1. Neu a + b - 0 thi ta noi a la vecta doi cua b hoSc b la vecta doi cua a. 
Vecta doi cua a ki hiqu la -a . 

Vay hai vecta doi nhau neu chiing ngugc hudng va cung dp dai . 

Hai vecta a , b doi nhau ta viet a = -t>. 


Ta co a = -b 0 


a,b ngugc hudng 



l 


2. Djnh nghla: Hiqu cua hai vecta a via b, ki hi^u a-b, la tong cua vecta 
a va vecta doi cua b . 

V£y a~b - a +(-b) 

- Phep lay hieu cua hai vecta ggi la phep trir vecta 

- Vdi moi diem M; N; O ta luon co: MN = ON -OM . 
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3. Tinh chat : 
a. Neu a h 


a 


> 


a 


c thi a = h + c 


;V a, h 


IV. Phep nhan vector v<H mot s6: 

I. Dinh nghta: Cho vector a *■ 0 va so thuc k * 0 

Tich cua vecto a voi so thurc k la mot vecto, ki hieu la ka du<yc xac djnh 
nhu sau: 

a. Neu k > 0 thi vecto k a cung huong voi vecto a. 

Neu k < 0 thi vecto ka nguac huong voi vecto a. 


b. 


ka 


= |*|.a 


- Chu y: 0a~ 0: k 0 = 6. 

- Phep lay tich cua mpt \ecto voi mot so goi la phep nhan vecto voi so 
(hoSc phep nhan so voi vecto ). 

- Theo dinh nghTa ta co : 1 a = a ; (-1) a = -a 

2. Tinh chat: Voi hai vecto bat ki a, h va moi so thuc k, 1 ta co : 

a. k(na ) = (kn) a 

b. (k + n) a = k a + na 

c. k(a + £) = ka + kb; k(a - A) = ka - kA 
a = 6 
k=0 

g. Vecto A cung phuong voi vecto a (a * 0) khi va chi khi co so k sao 
cho A = k a 

h. a + a + ... + a = na. 


d. k a = 0 o 


"v- 

n _ 


vecto a 
*H ? qua : 

a. Vecto A cung phuong voi vecto a (a ^ 0). Ta co : 

IaL 

a \ neu vecto a,b cung huong 


b = 


a 


neu vecto a,b nguoc huong 


a 
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h. Pieu kien can va du de ba diem phan biet A, 8, C’ thang hang la co so 
k sao cho AB - kAC 

c. Cac dang thirc ve trung diem: M la trung diem doan thang AC ta co: 

+ M A + M C = 6 

+ OA + 0C=20M; 

Voi moi diem O. 

Hay OM = ^(OA + OC) ° 

Tong quat: Diem M chia doan thang AC theo ti so k * 1 (MA = k MC) 

Khi do ta co OM = —— (OA - k OC) 

\-k 

e. Cac dang thirc ve trong tarn tarn giac: 

- Neu G la trong tarn A ABC thi ta co: 

+ GA+GB+GC = 6 

+ MA + MB + MC = 3 MG (a), voi moi diem M. 

- Neu G la trong tarn tir dien ABCD thi ta co: 

+ GA + GB + GC + GD = 6 

+ MA + MB + MC + MD= 4MG (b), voi mpi diSm M. 

V. Su dong phing cua ba vector 

1. Binh nghla: Trong khong gian, ba vecto duoc gpi la dong phdng neu cac 
gia cua chung cung song song voi mpt mat phang. 

2. Tinh chat: Cho ba vecto a\b\c \a mpt diem O bat ki ta ve OA = a ; 

OB = b ; OC= c. 

- Ba vecto a\ b \ c dong phang « Bon diem O; A; B; C cung thupc mpt 
mat phang. 

- Neu mot trong ba vecto a \ b \ c la vecto 6 thi ba vecto a ; b ; c dong phang. 

3. Bieu kipn de ba vecto dong phang 

- Cho hai vecto khong cung phuong a; ft va mot vecto c trong khong gian. 
Khi do ba vecto a ; b ; c dong phang khi va chi khi co cap so m; n duy 

nhat sao cho c = m a + n b . 

*//(• qua: 

a. OC = m OA + n OB <=> B6n diem O; A; B; C cung thuoc mpt mat phang. 

b. MN = mOA + nOB <=> Cac diem O; A; B; M; N cung thupc mot mat 

* l 

phang hoSc dircrng thang MN // mp(OAB) 



127 




4. Phan tich mot vector theo ba vecto khong dong phang 

Cho ba vecto a; b\ c la ba vecto khong dong phang. Vcri bat ki mot 
vecto x nao trong khong gian deu tim dirge mot bo ba so m; n; p duy nhat 
sao cho x = m a + n ft + pc 

VI. Tich vo huong ciia hai vecto' trong khong gian 

1. Goc giua hai vecto 

Cho a va b la hai vecto trong khong gian. 

Tir mot diem A bat ki ve AB = a , AC = b . Khi do trong mat phang (ABC) 
ta co goc giua hai vecto AB va AC la goc giua hai vecto a va b , nghTa la: 

(a , b ) = BAC. 

2. Tich vo huong 

Tich vo huong cua hai vecto a va b trong khong gian la mgt so duoc ki 
hieu la a.b xac dinh ben: 

a .b= a . ^j.cos(a ,b) 

Chuy: Neu a = OhoSc b = 6 thi a.b= 0. 

3. Tinh chat 

V6i ba vecto a ; b ; c bat ki trong khong gian va voi moi so k ta co 

a. a.b - b .a 

b. a.(b + c)= a b + a.c 

c. (ka).A = k(fl.6)= u.(kA) 

- - -2 -2 

d. a.a- a =a >0; 

— 2 

a =0 o a = 0 

e. a .(b .c) *(a .b).c 

4. Mpt so ung dung cua tich vo huong 

a. Tinh dp dai doan thing AB = AB 

b. Xac djnh goc giua hai vecto a va b khac vecto - khong: 


cos(a,b) 

c. Chung minh hai duong thSng vuong goc 
AB1CD o AB.CD =0 
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VII. Quan hf vuong goc trong khong gian 

1. - Gdc giua hai dudng thang di; dj la gdc gitra hai dudng thang d'; d" 
cung di qua mot diem va lan lupt song song (hoac triing) vdi dq dj 

- Hai duang thang gpi la vuong goc vdi nhau neu goc giua chung bang 90°. 

2. - Mot dudng thang dugc goi la vuong goc vdi mat phang neu no vuong 
goc vdi moi dudng thang nam trong mat phang do 

- Neu dudng thang d vuong goc vai hai dudng thang cat nhau nam trong 
mat phang (P) thi dudng thang d vuong goc vdi mat phang (P) 

- Neu dudng thang d vuong goc vdi mat phang (P) thi ta noi goc giua 
dudng thang d va mat phang (P) bang 90°. 

Neu dudng thang d khong vuong goc vdi mat phang (P) thi goc giua 
dudng thang d va hinh chieu vuong goc d'cua d tren (P) gpi la goc giua 
dudng thang d va mat phang (P). 

- Phep chieu song song len mat phang (P) theo phuang d vuong goc vdi 
mat phang (P) gpi la phep chieu vuong goc len mat phang (P). 

- Cho dudng thang a co hinh chieu (hinh chieu vuong goc) len mat phang 
(P) la dudng thing a’. Khi do, mot dudng thang b nam trong mat phang (P) 
vuong gdc vdi a khi va chi khi no vuong goc vdi a'. 

3. - Gdc giua hai mat phang la gdc giua hai dudng thang lan it at vuong gdc 
vdi hai mat phang do. 

- Hai mat phang gpi la vuong gdc nhau neu gdc giua chung bang 90°. 

- Hai mat phang vuong gdc nhau khi va chi khi mot trong chung chira 
mot dudng thang vuong gdc vdi mat phang con lai. 

- Gpi S la dien tich cita da giac tf nam trong mat phang (P) va S’ la dien 
tich hinh chieu vuong gdc cua "if tren mat phang (P - ) thi S’ = S.cos^, 
trong do (p la gdc gi&a hai mat phang (P) va (P’). 

- Neu hai mat phang (P) va (Q) vuong gdc nhau va A la diem bat ki nam 
trong (P) thi dudng thang a di qua diem A va vuong gdc vdi mat phang (Q) 
s0 n3m trong (P). 

- Neu hai mat phang (P) va (Q) vuong gdc nhau thi bat cu dudng thang a 
nao thuoc (P), vuong gdc vdi giao tuyen cua phang (P) va (Q) s£ vuong gdc 
vdi mat phang (Q). 

- Hai mat phang cat nhau va cung vuong gdc vdi mat phang mat phang 
thir ba thi giao tuyen cua chung vuong gdc vdi mat phang thu ba. 

- Qua dudng thing a khong vuong gdc vdi mat phing (P' co duy nhat 
mat phing (Q) vuong gdc vdi mat phing (P). 
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4. - Khoang cdch tir mot diem M din mat phang (P) (den duang thing A) la 
khoang each gi€ra hai diem M va H, trong do H la hinh chieu (hinh chidu 
vuong goc) len mat phang (P) (len dudng thing A) 

- Khoang each tir mot diem M den m$t phing (P) ki hieu la d(M; (P)). 
Khoang each tir mpt diem M den duang thing A ki hieu la d(M; A). 

- Khoang each giua duang thing a va mat phing (P)song song vai a la 
khoang each tir mpt diem nao do cua a den mat phing (P) 

Vay d(M; (P)) = d(A; (P)); V A e a; a // (P) 

- Khoang each giua hai mat phing song song la khoang each tir mot diem 
bit ki cua mat phing nay den mat phing kia. 

5. - Duong thing c cit ca hai duang thing cheo nhau a, b lan iupt tai I, J 

dong thai vuong goc vai ca a, b dupe goi la duang vuong goc chung cua hai 
* 

duang thang cheo nhau a, b. 

Khi do doan thing IJ dupe goi la doan vuong goc chung cua hai duang 
thing cheo nhau a, b. 

6. - Khoang each giua hai duang thang cheo nhau la dp dai doan vuong goc 

•% 

chung cua hai duang thang cheo nhau. 

- Khoang each giua hai duang thing cheo nhau bang khoang each giua 
mpt trong hai duang thing do va mat phing song song vai no, chua duang 
thing con lai. 

- Khoang each gifta hai duang thing ch£o nhau bing khoang each gitfa 
hai mat phing song song lan lupt chua hai duang thing do. 

7. - M$t phing di qua trung diem doan thing AB va vuong g6c vai AB 
dupe goi la mat phing trung true cua doan thing AB. 

- Mat phing trung trpe cua doan thing la tap hpp cac diem each deu hai 
dau cua doan thing do. 

B. CAc BAI TOAN DI^N HiNH 

1. Bai toan 1: Chung minh ding thuc vectu; dung vectP chung minh 
vuong g6c;... 

Phurrng phap; 

+ Chung minh ding thuc vecta ta dung cac ding thurc ve trung diem; cac 
ding thuc ve trung diem trong tarn; quy tic ba diem; quy tic hinh binh 
hanh; quy tic hinh hop; ti'nh chat hinh hpc cua hinh da cho; ... 

+ Chung minh AB 1 CD ta thuang chung minh AB 1 CD 
Vi du: 

Bai i: Cho tudien ABCD. 

1. Chung minh ring AB. CD + AC . DB + AD. BC = 0 

2. Chung minh ring: neu tu dien ABCD co hai cap canh doi dipn vuong 
goc vai nhau tung doi mot thi cap canh con lai vuong goc nhau. 
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Giai 


1. Taco: 


AB.CD +AC.DB + AD.BC = AB.CD +(AB+ BC).DB+ AD.BC 
- AB.CD + AB.DB+ BC.DB+ AD.BC 
= AB.(CD + DB ) + BC ( AD + DB ) 

= AB. CB + BC . AB = AB.(CB + BC ) = AB. 0 = 0 (dpcm) 


2 . 


Bai toan khong mat tinh tong qu&t gia su tu dign A BCD co: 


AB X CD 
AC1BD 


Tachung minh BC TAD 

Thco chimg minh cau 1 ta co: AB.CD + AC.DB + AD.BC = 0(1); 
(vdi mQi tu dign ABCD). 


MSt khac ta co: 


AB 1 CD 


AB1CD 

AC1BD 

=> * 

/ => 

AC _L DB 


AB. CD =0 
— — -( 2 ) 

AC. DB = 0 


Tu(l) va (2) ta co AD.BC =0 AD J. BC => BC 1 AD 
Kit luan: ncu tu dign ABCD co hai c$p canh doi dien vuong goc voi 
nhau timg doi mpt thi cSp canh con lai vuong goc nhau. 

Bai 2: Cho hinh hop ABCD.A’B’C’D’co tarn t. Chung minh ring: 

OA+OB+OC+OD+OA*' + OB’ + OC' + OD ’ = 8 OI; voi mgi didm'6 



=> OA + OB+ OC + OD + OA’ + OB' 1 + OC + OD 1 = 

= (OA + OC'J + iOA' + OC) + (OB + OD 1 )+(OD+ 013') 
= 201 + 20l + 201 +201 =801 (dpcm) 
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Bai 3: Tren doan thang AB lay mpt diem C tuy y thoa man: —- = —. 

CB h 

_. h _• k —• 

Chung minh rang: SC =-SA +-SB; VS. 

k + h k + h 

Giai 

_ , CA k CA k CA k 

Ta co- = — =>-=-=> =- 

CB h CA + CB k + h AB k + h 

Mat khac ta co AB; AC cung huong nen ta co: 

__ PA __ _ k __ 

AC = —— AB => AC = -5- AB 
AB k + h 

=> SC - SA = —(SB- SA); VS. 
k + h 

=> SC = —SB - SA + SA ; V S. 
k+h k+h 

=>SC =(1-— )SA + —SB; VS. 

k+h k+h 

=> SC = — h — SA + — SB; V S. 

k+h k+h 

Bai 4: Cho hinh lang try tarn giac deu ABC.A’B’C’ co AB = m; AA’ = h. 
Dat CA = a ; CB = b; CC' = c. 

1. Chung minh rang: AB' + BC' + CA' =3c. 

2. Gpi I la giao diem cua AB’ va BA’, G la trong tarn tarn giac ABC’. 
Chung minh rang: C; I; G thang hang. 

3. Tim h? thuc lien h? giua m va h de AB’ X BC’. Chung minh rang khi 
doBC’J_CA’;CA’±AB’. 

Giai A 

1. Taco: 

AB ’ + BC'’ + CA' 

= (CB'-CA) + (CC-CB) + (CA+AA’) h 

= CB*' + CC 1 - CB + AA’ (a) 

Mat khac ta co : 

AA’ = CC' = c; 

CB' = CB +OC' = b + c (b) A 
(Quy tac hinh binh hanh) 
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Tu* (a) va (b) ta co: 

AB’ + B€' + CA*' = 6+c + c - b + c =3c. 
2. Ta co I la giao diem cua AB' va BA' 

^ I la trung diem cua doan th&ng AB' 


2Cl = (CA + CB’ ) 

=^> Cl = — (a + b + c ) (1) 

Ta co G la trong tam tarn giac ABC’. 

==> 3 CG = (CA + CB + CC') = (a + b + c) (2) 

Tu(l) va (2) ta co: 3CG = 2CI =* CG= |ci. 

Do do hai vecta CG ; Cl cung phirang nen C; I; G thing hang. 

3. Taco AB' = CB' - CA = (6+c)- of b + c - a 
BC~' = CC*' - CB= c -b 
Ta co AB’ 1 BC’ => AB' ± BC' 

AB'.BC' =0 =>(A+c - a)(c -b) = 0 

= >b.c+ c — a.c - |& - c .b + a .b = 0 (3) (vi a. a = a =|a| ) 


Mat khac ta co: BC 1 CC'; AC ± CC'; (CA , CB) = 60° 
=> b ± c; a ± c \ (a, b) = 60° . 


b.c = 0 
u.c = 0 


(vi |a| = AC = m; b = BC = m) (4) 


1 m- 


ab = \a\.\b Lcos60 u = AC.BC.- = 


2 2 


T£r (1) va (2) ta co: 


,2 2 , rn 2 . , 2 m 2 _ , m>/2 

h - m + —=0 => h - —=0 => h=- 


Vay: he thurc can tim la: h = 
Khi do ta co: 


2 

mV2 


BC'.CA' = (c - b).(a + c) = c .a- b .a + c - b.c = - + h 2 = 0 
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CA'.AB '= {a + c).(b +c-a)= a.b+c. b+a.c + 

„ 2 _ 2 

= —— m 2 + h 2 = - iS_'+V = 0 

2 2 / ■, ' 



2 i .1 

H 

c 

— 

a 


- c .a 


(vi CA' = CA+AA' = CA + CC' = a + c\ 

AB*' = CB’-CA = CB + CT’-CA^ b+c-a) 

f _ _ i ) ' 

BC'ICA’ [BC'ICA' 


=> \ 


BC '.CA' = 0 


CA'.AB'= 0 




Vpy khi h 2 - — = 0 ta,co 


Vcrih 


: Hij!’ 


ta do 


CA'IAB' 

BC'ICA' 
CA* 

BCUCA' 


CA'IAB' 


CA'XAB' 


B&i 5: Cho hinh lap phuomg ABCD.A’B’C’D’. B$t BA = a } BB' = b ; 

BC = c. Gpi M la didm thuoc AB’; N la4jdm thuoc BC’sao cho MN XAB’; 
MN 1BC’ 

2 - - 


-> K »- 


1. Chungminhring: BN + AM + MN = -(£ + c)- a 

\> , Is IV)('._()- • -\.'i 2 ■ ‘ ' • » '• 

2. Tlnh <Jq dai dc^n tha^g MN tlieo m^m la ^nh.cjia lap phuomg ABCD.A’Q’C’D’) 

3. Tlnh cosin cua goc hgp boi MN va cac vecto a ; b; c. 

_ ik) ■ ( r. . v .. i . > • ; 


0 


Giai 

1. Ta co N la diem thupc BC’ 

=> BN ■ BC 1 cimg phuomg 

Mat khaic ta c6 BC 1 ^ 0 va diem B 

khong trung diem N (tuc la BN *■ 0 ) B 
nen co so th\rc k * 0 thoa man: 

BN = kBC * 

= k(BB’ + BC) fj o _ f 

= k(£+c) £ 

Ta c6 M la diem thupc AB’ 

=> AM; AB'cung phuomg b <■ 

Mat khac ta co AB' * 0 va diem A khong trung diem M (tuc la 
nen co so thyc k’ * 0 thoa man: 

AM = k’AB' =k’(BB i - BA) = k’(6- a) 


U C 


C* 


[:>H . 

A - 0u 

i 

• 

M 

9. 

: {j X 

<• / , ? s 

: • r 7 ( i . 

. * 

J ( ’ 

N / 




■"■m - 'i 

4 

t / c 



m 


* 6 ) 





Ta co MN = AN - AM = ( BN - BA ) - AM 

= k (b + c) - a a) = (k -k')/> + k c+(k’- ])a 

MAt khac ta co MN 1 AB’; MN _L BC' 

fMN 1 AB' 




MN 1 BC 


MN _L BN 
MN 1 AM 


MN.BN = 0 


MN.AM = 0 




MN.BN = [(k'-l)a +(k -k')b + £c].[k(/> + c)]=0 


MN.AM = [(k'-l)a + (k -k')b + Ac].[k'(&-a)]=0 
(k'-l)k(a./>) + (& - k')kb.b + k 2 c.b 

+ (k' — 1 )k(a.c) + ( k -k')kb.c + k 2 c.c = 0 
(k' -1 )k'(a J>) + (k-k ')k 'b.b + (kk ')c b 

- (k' -1 )k'(a.fl) -{k-k ')k'b.a -{kk ')c.a = 0 

M$t khac ta co: 


=> < 


{*) 


a.b = a.c = b.c= 0; b .b = b = m 2 ; a. a = 

(k-k ')k.m 2 + k 2 .m 2 = 0 
(k-k')k'.m 2 -(k'-l)k'.m 2 =0 
[(k-k') + k].m 2 k = 0 


a 


m ; c.c= 


Do do (*) 


[(k - k') - (k 1 -1 )].m 2 k' = 0 


(vi m k *0; m k’ *0) 


=> < 


2k-k' = 0 
k - 2k ’+ 1 = 0 


=> 


k-l 

3 

k '=2 

3 


KJii do ta co: 


AM = -{b-a) 

3 

BN =-(6 + c) 

MN = -^(a + ft-c) 

=> BN + AM + MN = — {b - a) + -{b + c) - -{a + b - c) 

2 - - 

= -(b + c) - a(dpcm) 

•3 



t 2 r 1 r 


2. Taco MN = [~(tf+ 6- c)]' 




_ 

2 

_ 

2 


b 

+ 

C 

+ 

a 


2 , _2 , _2 v _ 1 _2 


) = — ( m z + ) = - m 

9 3 


(y\a .b = u.c = *.c=0; b .b = 

mVi 

=> MN ~- 


= m 2 ; a .a = 


a 


m ; c.c 


c 


~ m 2 ) 


3. Taco: 


*cos( MN, a) ~ 


*cos( MN, b ) = 


MN.a 


MN. 


a 


+ b - c).a 


- ~ {a.a) 


m 


Vi 


.m 


Vi 


.nr 


MN.* 


_1 
_ 3 


MN. 


(a + * - c).b 




m 


Vi 


.m 


Vi 


.m 


_L = _Vi 
Vi 3 



*cos( MN, c) = 


MN.c 


MN. 




~^-(a + b-c).c 


m 


Vi 


.m 


~(c.c) 



jl = A 

Vi 3 


B&i 6: Chohinhhpp ABCD.A'B'C’D’co BAD = DAA' = A’AB = 60° va 
tit ca cac c^tnh deu bang m. 

1. Chung minh rang: AC’ 1 BD; AC’ 1 BA'. 

2. Chung minh rang: tu giac BDD’B’ la hinh vuong. 

3. Chung minh rang: A’Cl BD;A’C1DD'. 




. 

. 


ctb = 

a 

.b 




a.c = 

a 

c 

__ 



c.b = 

c 

a 


,cos(a,/>) = m.m.cos60° = 
.cos(a,c) = m.m.cos60° = 


.cos(c,b) - m.m.cos60° = 


nr 


m 


m 


Taco AB 1 = AA' + AB = a + b(Quy tac hinh binh hanh) 
B C' = AD = c. 


AC' = AB’+B'C’ = a + b + c 
BD = AD-AB = c -b 
BA' - AA'-AB - a- b 
Taco AC’.BD = (a + b + c).(c - b ) 

= a .c + c .b +c.c-b.a-b.b-b.c 


=> AC'l BD 


2 2 2 2 

m m 2 m m 

— + — + nr- 

2 2 2 2 

AC’l BD 


-nr =0 


Taco AC'. BA' = (a + b + c).(a~ h) 

= a.a + b .a +c .a - a.b - b b - c .b 


2 m 2 nr m 2 
m + — +- 


- m 2 - — = 0 


=> AC'l BA' => AC’ 1 BA’. 

2. Ta co BB’ // DD’ va BB’= DD’= m 
=>Tu giac BDD’B’ la hinh binh hanh 
Mat khac ta co: 

BD 2 = AB 2 + AD 2 - 2.AB.AD.cos 60° 


m 2 + m 2 - 2.m.m. — 

2 


m 


=> BD - m=> Tu giac BDD’B’ la hinh thoi (a) 

Mat khac ta co BD = c - b\ DD' = AA' = a . 

=> BD.DD' = (c -b).a = c.a - b .a = 0 
^BDl i 5D' => BD1 DD’(b) 

Tir (a) va (b) => Tir giac BDD’B’ la hinh vuong(dpcm ). 





3. Taco: AC = AB + AD = b+c(Quy tic hinh binh hanh) 
AT = AC- AA' = b + c - a 
=> A 'C. BD = ( b + c - a ).( c - b ) 

= b .c + c .c - a .c - b .b - cb + a .b 

2 2 2 2 

m 2 ni 2 ni m 

= — + m-m-+ — =0. 

2 2 2 2 

=> AT 1 BD =>A’C±BD. 


Ta co A'C. DD' = (b+c- a), a = b . a +c. a - a .a 

m 2 wt' 

yfi ^ m 

T ~2 


m 2 nr 2 n 
— +-m = 0. 


=> A'C i DD' 

=> A’C ± DD’. 

Bdi 7: Cho tu di?n ABCD co AC = BD; BC =AD. 

Chumg minh ring: neu P; Q lan lugt la trung diem cua c^nh AB; CD thi 
PQ 1 AB; PQ 1 CD. 

Giii 


Dat DA = a ; DB = b ; DC = c 
Ta c6 PQ = DQ - DP 


A 


1 


1 


DC - - (DA + DB) 
2 2 

i(c - a -b). 


Ta c6 AB = DB - DA = b - a 
=> PQ.AB = 

1 


^(c - a -b).(b-a) 



(c .b- a. b - b .b- c.a + a .a + b .a) 


1 


= —(c.b - 
2 


b 


-c.a + 


a 


)( 1 ) 


Mat kMc ta co BC = DC - DB = c - b; AC = DC - DA = c - a 


BC = AD 


BC = AD 


(c - b).(c - b) = 


a 


-2b.c + 


a 
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AC = BD => AC = DB 

_ _ : -2 - ' - - 2 — 2 

->( c - a ).( c - a ) = h => c - 2 a . c + a = b 

- - - - —i2 — 2 —12 — 2 

Do do ta co - 2b .c + 2a .c + b\ - a = a\ - b 

b - b - c. a + a = 0 (2) 

Thay (2) vao (1) ta dirge: PQ.AB = 0 

=> PQ J_ AB => PQ 1AB 

Chumg minh tiring turta cd PQ _L CD 

2. Bai toan2: Chung minh ba vecto 1 dong ph&ng, nhieu diem ciing nim 
tren mot mat ph&ng va dircmg thing song song mSt piling co djnh;... 
Phucntg phdp : Dung tinh chat: 

+ Cho ba vecta a; ft; c va mot diem O bat ki ta vg OA = a ; OB = b ; 
OC = c. Khi do: 

< u , . , 

Ba vecta a \ b \ c dong phing «■ Bon diem O; A; B; C cung thuoc mpt 

% 

mit phing. 

+ N£u mpt trong ba vecta a , b; c li vecta 0 thi ba vecta a ; b; c dong 
phing. 

+ Cho hai vecta khong cung phuang a; b \a mot vecta c trong khong 
gian. K.hi do ba vecta a\b\c dong phing khi va chi khi co cSp so m; n 
duy nhat sao cho c = m a + n b. 

*H<> qua: 

a. OC = mOA + nOB Bon diem O; A; B; C cung thupc mot mat 

phSng. !o . 

b. iC^NJ = fnOA + rtOB oCic diem O; A; B; M; N cung thuoc mot mat 
piling hoac ducVng thing MN // mp(OAB) 

Vi d{f: 

Bii 1: Cho hinh lap phuang ABCD.A’B’C’D’ canh a. Tren cac doan thing 
BD va AD’ lan luot lay hai diem thay doi M vi N sao cho DM = AN = x 

(0 ^ x<a72 ). Chung minh ring: Cac vecta MN; AD; BA' dong phing. 

Giai 

Taco MN = MD + DA + AN (1) 

BD = AD" = a 72 va DM = AN = x, 0 < x<a72 
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DM _ AN_ _ _x_ Q ^ DM AN 
BD AD' aN/2’ U ~BD AD' 



= —(AD’ + BD) - AD 
aV2 


= -V(AD + DD’+ AD - AB) - AD 
av 2 

= (AD +AA’ + AD - AB) - AD (vi DD' = AA’) 

a >/2 

= —^ 7 = (2AD + AA' - AB)-AD 
ayf2 

= (— -1) AD + -4= BA’ 
a a >/2 

_ rz 

V?y MN =(— -1) AD + -4= BA’.(3) 
a av 2 

M$t khac ta co AD; BA' khong cung phucmg(4) 

Tir (3) va (4) => MD; AD; BA' d 6 ng phdng (dpcm ). 

Bii 2: Cho hinh ling tru ABC.A’B’C’. G<?i I; J lan lugt la trung di$m cua 

c?nh BB’ va A’C’; g<?i K la diem thupc B’C’ sao cho KC' = -2KB'. 
Chung minh rSng: Bon diem A; I; J; K cung thuoc mpt mit ph&ng. 

Giai 

Ta co I; J lan lugt la trung diem cua canh BB’ va A’C’ 

AI = -(AB + AB'); AJ= -(AA' + AC' ). 

2 2 

Bat AA' = a ; AB = b ; AC = c 

Ta co AB' = AB + BB*= AB + AA 1 = h + a (vi AA* = BB') 
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AC' = AA' + AC = a + c 



^KC’+KB’ 3 ^ B'C 3 


Taco: B'C va B'K cung huomg 

_ KR' _. _. | _ 

=> B'K = - B'C' => B'K = - B'C 

B’C 3 

=> AK - AB 1 = - (AC' - AB*') 

3 


=> AK = — AC' +— AB' = —(a + c) +— (b +■ a) = - c + — b + a 
3 3 3 3 3 3 


Vay ta co: < 


AI =-a + b 
2 

—; - 1 - 
A J = a + — c => i 

AK -a + — t> + -c 
3 3 


2 Ti 1 " 2 l 

-AI =-a + — b 

3 3 3 

2 —; 2 - 1 - 
— AJ = -a + -c 
3 3 3 

- 2r 1- 
AK =a + — b +—c 
3 3 


=> AK = - AI + - AJ 
3 3 

Mat khac ta co AI; AJ khong cung phuomg nen AK ; AI; AJ dong ph5ng. 
Lrcnto bon diem A; I; J; K cung thuoc mpt mat phing. 

Bii 3: Cho tu dien ABCD. Goi I; J lan luot la trung diem cua cac canh AB; CD. 

* -* 1 

Ggi M la diem thuoc AC sao cho MA = k| MC(k| * 1). Goi N la diem 

thuoc BD sao cho NB = k 2 ND (k 2 *■ 1). Chung minh ring: Cac diem I; J; 
M; N cung thuoc mot mat phing khi va chi khi k| = k 2 . 
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C.iai 


Taco MA =k,MC 
=> IA - IM = k|( IC - IM ) 

=>(1 -k,)IM = IA - k, IC 

=> IM - k, IC) 

1 - k, 

(vi k| * lnen 1 - ki * 0 ). 

Tuomg tu, ta co NB = k 2 ND (k 2 * 1 ), 

=> IN = —?— (IB - k 2 ID) 

1 - k 2 

=> In = —— (- Ia -k 2 iD) 

1 — k 2 

M 3 t khac ta co IJ = ^ (IC + ID) 

Cac diem I; J; M; N cung thupc mpt m$t ph 3 ng khi va chi khi IM ; IN; 
IJ dong ph 3 ng 

o IM = m IJ + n IN (vi IM ; IN khong cung phuong). 

<=> —^—(IA - k,IC) = m-(IC + ID) + n—^— (- IA -k 2 ID)) 

1 k j 2 1 “ k 2 



1 -k, 2 2 1-k 


^-)IC +(—— + 


n 


. 2 4. 1 XV | * 1 IV | 

M$t khac ta co ID; IC; IA khong dong phang nen 

nk 2 _ m 


1 -k, 1-k, 


(*)« 


— z 

— = 0 

l-k 2 

2 

m 

k , _ 

2 1 

~ k i 

1 

n 

-+ 



1 -k, l-k 2 


= 0 « 

= 0 


1 -k 


2 

I _ 


k, m 


1 -k, 


n 


1 -k, l-k ; 


Do d6 ta co 


‘i _ 


1 -k, 


nk, _ k 2 


l-k 2 1-k, 


Vpy ta co 


1 -k, 1-k, 


o ki = k: 


)7/l= '0 (♦) 
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Bai 4: Cho tir dien ABCD. Goi M; N; P; Q \hn luot thuoc AB; BC; CD; DA 

sao cho: AM = - AB; BN = - BC ; DP = k DC; AQ = - AD . Xac dinh 
3 3 2 

k cte bon diem M; N; P; Q cung thuoc mot mat phang. 

Giai 


Dat DA = a ; DB = b ; DC = c 

Taco: A 



Ta co: 


MQ = AQ - AM * - — a - - AB 

2 3 

-a --(DB - DA) = - - a --( 6 -a) 
2 3 2 3 

=> MQ =- — a - — b 
6 3 

Ta co MP = AP - AM => MP = AD + DP- - AB 

3 


1 


=> MP =- DA +k DC- -(DB 

3 

MP a + \l c - - (b - a) 


—. 2 - 2 - 
MN = —a + -c 
3 3 


DA) 
> MP 


Vay ta co: 


MQ=--a --6 
6 3 

2- lr 


MP = — a--b + kc 
3 3 


-a +kc--b 

3 3 
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Cac diem M; N; P; Q cung thuoc mot mat phing khi va chi khi MP MN ; 
MQ dong phang khi va chi khi co so m; n sao cho: MP = m MN ■+- n MQ 

(vi MN ; MQ khong cung phuomg ) 


2 - -1- 2-2- 

o - a +V. c - b =m(-c - a) + n(- 

3 3 3 3 

, 2 m n 2 - n 1 - ,, 2 m - 

<=>(-+- ) a + (- )b + (k-—) c 

3 6 3 3 3 3 

Mat khac ta co a ; b ; c khong dong phang. 


Do do (*) o 


2 m 

n 2 


^- 

3 

6 3 

n 

1 


— = 0 

3~ 

3 


2 m 

k- 

= 0 


3 


o 


3 

m = — 

4 

n = 1 

k-i 

2 


— a - b ) 

6 3 

= 0 (*) 


Vay gia trj can tim cua k la k = 


2 


3. Bai toan 3: Chung minh hai duxmg thing vuong goc. 

1 1 

Phuang phap: De chumg minh hai dudrng thing i; b vuong goc vcri nhau, 
ta co the dung-mot trong cac phircmg phap sau: 

Phuang phap 1: Chung minh goc giura hai dudrng thing a, b bang 90°. 
Phuang phap 2: Dung cac dinh li trong hinh hoc phang: dinh li dto cua 
dinh li Pi- ta-go; goc noi tiep nira dudrng tron; dudmg trung tuyen cua tarn 
giac can (noi dinh va trung diem cua canh day); ... 

Phucxng phap 3: Chung minh dudng thing nay vuong goc vcri mit phing 
chua ducmg thing kia, 

Phuang phap 4: Dung djnh li ba ducmg vuong goc. 

4. Bai toan 4: Chung minh dirfrng thing vuong g6c voi mat phing. 
Phircmg phap: De chung minh ducmg thing a vuong goc voi mit phing 

(P), ta co the dung mot trong cac phuorng phap sau: 

Phuang phap I: Chumg minh ducmg thing a vuong goc vcri hai dudmg 
thing cit nhau nim trong mit phing (P). 

Phuang phap 2: Chung minh dudmg thing a song song voi dudmg 
thing b vuong goc voi mit phing (P). 

Phuang phap 3: Chung minh ducmg thing a c(Q) ma (Q) _(P); 
a±d = (Q)n(P) 

Phuang phap 4: Chumg minh duomg thing a la giao tuyen cua has mit 
phing cit nhau cung vuong goc voi mit phing (P). 
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5. Bai toan 5: Chtrng minh hai mat ph&ng vuong goc vtri nhau 

Phirang phap: De chung minh hai mat phang vuong goc vcri nhau, ta 
chung minh mat phang nay chira duong thang vuong goc vai mat phang kia. 

Vi du: (Bai toan 3; bai toan 4; bai toan 5). 

Bai 1: C'ho tur dien ABCD. Gpi M; N lan lugt la trung diem canh BC; AD. 

- a /T 

Biet MN =-; AB = CD = a. Chung minh rang: AB 1 CD. 

2 


Giai 

Tir M dung duong thang d song song CD. 
Goi H = dn BD 
=> H la trung diem canh BD 

=>MH = NH = 

2 

Ta co: 


cos MHN = 


mh- + nh 2 -mn 2 

2M11.NH 


2 (§>M-^) ! 


2 (|)' 


0 



D 


MHN =90°. 


Ta co NH // AB; MH // CD nen goc giua hai duong thang MH; NH la 
goc giua AB; CD 

Ma MHN * 90° => AB 1CD (dpcm ). 

Bai 2: Cho hinh chop S.ABCD co day ABCD la hinh vuong; SA 1 (ABCD). 

* » 

Goi H; K lan lugt la hinh chieu vuong goc cua A tren SB; SD. 

1. Chung minh rang: cac mat ben cua hinh chop S.ABCD la cac tarn giac 
vuong. 

2. Chung minh rang: AH; KA cung vuong goc duong thang CS. 

3. Ggi 1 = SC n(AHK). Chirng minh rang: HK _LAI; CS J.AI. 

Giai 

1. Taco SA l(ABCD) 

SA 1 AB 
SA 1 AD 

A SAB; A SAD la cac tarn giac vuong tai A 
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Ta co BC -L AB => BC 1 SB 
(Djnh 1( ba ducmg vuong goc) 
=> A SBC vuong tai B. 
TacoCDl AD=> CD1SD 
(Dinh li ba ducmg vuong goc) 
=> ASCDvuong tai D 
Vay cac mat ben cua hinh 
chop S.ABCD la cac tam giac 
vuong (dpcm). 


Ta co SA 1 (ABCD); BC c(ABCD)=>SA 1 BC (1) 
Mat khac ta co AB 1 BC (2) 

Tir(l) va (2) => BC 1 (SAB). Ma AH c(SAB) 

=> BC 1 AH (3) 

Theo de ra ta co SB 1 AH (4) 

Ttr (3 va (4 ) => AH 1 (SBC). Ma CS c (SBC). 

=>AH ICS. 


Ta co SA L (ABCD). Ma CD c (ABCD) =>SA 1CD 
M^it khac ta co AD 1 CD 

Do do ta co CD 1 (SAD). Ma KA c (SAD) =>CD1KA (a) 
Mat khac ta co SD _L KA (b) 

Tir (a) va (b) => KA 1 (SCD) 

MaCSc(SCD) =>AK ICS (dpcm). 

3. Taco A SAB = ASAD=> ASH = ASK va SB = SD 



ASHA = ASKA => SH = SK 


SH 


SK SH 
SB ^ SB 


SK 

SD 


(vi A SAB = ASAD =>SB = SD) 


SB 

=> HK // BD 

M$t khac ta co BD 1 AC; BD 1 SA nen BD 1 (SAC) (*) 
Ta co I = SC n (AHK) 


(c) 


=> I e (SAC). =» Ale (SAC) 

Do do tu (*) => BD 1 AI (d) 

TCr (c) va (d) => HK i AI. 

Gpi O la giao diem cua AC va BD; T la giao diem cua hai ducmg thdng 
HK; SO 


=> I = SCnAT => AI c(AHK) 
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Mat khac ta co 


[SCI AH 
SC1AK 

L. 

=> SC 1 (AHK). Ma Alc(AHK) 

=> SC 1 AI 

Bai 3: Cho tir dien SABC co AB = AC = AS va mat phang (ABC) 1 (SBC). 
Chung minh rang: SC 1 SB. 

Giai 

Goi I la trung diem canh BC 

=> BC _L AI(vi tarn giac ABC can tai A) 

(ABC) 1 (SBC) A - 

BC -(ABC)n(SBC) 

Ale (ABC) 

=> AI 1 (SBC) =>AI1 SB(1) 

Goi J la trung diem cua canh SB. 

=>AJ1SB (2) (vi tarn giac 
ABS can tai A) va JI //CS (3). 

Tir(l) va(2) ^ SB1 (AIJ) 

Cich 1: 

Taco SB 1 (AIJ) =>SB±JI(4) 

Tu (3) va (4) => SBlSC(dpcm). 

Ccch 2: 


Mat khac ta co 


B 



Taco SB 1 (AIJ)(5). 

Mat khac ta co JI II CS => CS // (AIJ) (6). 
Tu (5) va (6) SBlCS(dpcm) 

Coch 3: 


Ta co 


All (SBC) 

Bl = Cl 


f AI 1 SI c (SBC) 

|bi = ci 


V$y A ABI; A ASI la cac tarn giac vuong tai I va AB =AS; AI la canh 

chung 


=> AABI = A ASI => BI = SI 

Do do ta c6 BI = SI = Cl 

=> A SBC vuong goc tai S=> SB1 CS (dpcm) 

Bii 4: Cho hinh chop S.ABCD co day ABCD la hinh thoi tam O. Gpi I; J 
Ian luort la trung diem cua canh AB; BC. Biet SA = SC; SB = SD. 

1. Zhung minh ring:'SOI (ABCD). 

2. Chung minh rang: IJ1 (SBD). 

3. Chung minh rang: AC 1SD. 
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Giai 

■* 

1. Ta co O la tarn cua hinh thoi nen O la trung diem cua doan thSng AC; BD. 
Mat khac ta co S A = SC nen SO X AC (1) 

Ta co O la trung diem cua doan thing BD; SB = SD nen SO X BD (2) 

Tir (1) va (2) => SOX(ABCD)(dpcm ). 

2. Ta co SOX (ABCD) => SOX AC (3) 

Mat khac ta co BD X AC (4) 

Tir (3) va (4) => AC X (SBD) (a) 

Cac diem I; J lan lirot la trung diem cua cac canh AB; BC 
=> 1J // AC(b) 

Tir (a) va (b) => IJ X (SBD) 

SOX (ABCD) 

, „ . AC c(ABCD) 

3. Taco 

BD c(ABCD) 

AC X BD 

va duong thing BD la hinh chieu vuong goc cua duong thing SD tren 
mat phing (ABCD) nen AC X SD (dinh li ba duong vuong goc) 

Bai 5: Cho A ABC vuong tai A vai BC = a; AC = b, S la diem di dong tren 
ducmg thing d vuong goc vori mat phing (ABC) t^i C. Mat phing (P) qua 
diem C va vuong goc vai SB cit SA; SB lSn luat tai H; K. 

1. Chung minh ring: CH X (SAB) va diem H thuoc ducmg tron co dinh. 

2. Bat SC = x. Tinh dp dai doan thing HK theo a; b; x. 

Giai 

1. Ta co ABXAC (vi A ABC 
vuong tai A) 

=> AB X SA (dinh li ba ducmg 
vuong goc) 

=> AB X (SAC). Ma CH c (SAC) 

ABX CH (1) 

TacoCH c(P); SBX(P) 

=>SBX CH (2) 

Tir (1) va (2) =5 CHX(SAB). 

* Chung minh diem H 
thuoc duong tron c6 d|nh. 

Ta co CH X (SAB) An 

=> CHXSA 
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=> CHA = 90° 

Diem H thuoc ducmg tron co ducmg kinh AC (khong doi) v€ trong mat 
phang co dinh (A, d) 

2. Taco CHI (SAB) 

Ma HK c(SAB) 

=* CHI KH 

V(iy tarn giac CHK vuong tai H nen ta co: 

KH 2 = CK 2 - CH 2 (*) 

Mat khac ta co: 

CS.CB CS.CB x,a 


CK = 


CH = 


sb Vcs 2 +cb 2 77 + a 2 
C&CA = CSC A = xj> 
SA 7CS 2 +CA 2 77Tb 2 
Thay (3); (4) vao (*) ta dugc: 

x 2 .b 2 


(3) 

(4) 


KH 2 = 

x +a 


x 2 +b 2 

2 a 2 (x 2 +b 2 )-b 2 (x 2 +a 2 ) 
(x 2 +a 2 ).(x 2 +b 2 ) 

x 4 (a 2 -b 2 ) 


.2 


(x +a').(x +b ) 


=> KH = x 2 


u 

a -b 


V(x 2 + a 2 ).(x 2 + b 2 ) 

Bai 6 : Cho tir di?n ABCD co AB = AC; BD = CD. Ggi I la trung diem cua 
earth BC. 

1. Chung minh rSng: BC 1(AID). 

2. Ggi H la hinh chieu vuong goc ciia A tren Al. Chung minh rang: 
AH 1 (BCD). 

Giai 

1. Ta co AB = AC; I la trung diem cua canh BC 
=> BC _L Al 

Ta co BD = CD; 1 la trung diem cua canh BC 

=* BC 1 D1 

=> BC 1 (AID) (dpcm) 


149 



2. Chung minh AH 1 (BCD) 

C£ch 1: 

Taco BC 1 (AID) 

Ma AHc(AID) 

=> BC 1 AH (1) 

Mat khac ta co DI 1 AH(2) 

(vi H la hinh chieu vuong 
goc cua A tren AI) 

Ma DI c(BCD) (3) 

Tir(l); (2); (3) 

=> AH 1 (BCD). 

Cacti 2: 

Taco BC _L(AID) 

=>(BCD) 1 (AID) 

Ma DI = (BCD) n (AID); AH 1 DI; AH c (AID) 

=> AH 1 (BCD). 

B&i 7: Cho A ABC co ba goc nhon. Duong thing d di qua A va vuong goc 
voi m2t phing (ABC). Tren duong thing d lay mpt diem S khac A. Goi I la 
tryc tam cua A SBC, K 1^ true tarn cua A ABC; dudng thing d cit IK tai Q. 

1. Chung minh ring: IK l(SBC). 

2. Duong thing AK cit SI tai R. Chung minh ring: RQ 1 SK? 

Giai 

1. Chung minh IK l(SBC). 

x fBClAP „ 

Gpi P la hinh chieu vuong goc cua A tren BC => => BC J. (SAP). 

BC _L SA 



Ma SP c (SAP) =>BC1 SP 

Mat khac I la true tam cua A SBC nen diem I thuoc duong thing SP 
=> P la giao diem SI va AK 
Vay P= R. 

Do do ta co BC±(SAR). Ma IK c (SAR) 

=>BC 1IK(1) 

Ta co BK1 AC => BK1 SC (2) (djnh If ba duong vuong g6c) 

Mat khac ta co BI 1 SC (3) 

Tu (2) va (3) suy ra: SC 1 (BIK) => SC 1 IK(4) 

Tir (1) va (4) suy ra: IK 1 (SBC) (dpcm) 
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2. Chung minh RQ _LSK 
Taco IK _L(SBC). 

Ma SR c. (SBC) 

=5 IK 1SR => IQlSR(a) 
Ta co SAT (ABC). 

MaAR c(ABC) 

=5 SAlAR(b) 

Tu (a) va (b) suy ra: K la 
true tam cua tam giac SRQ. 

=> SK1 RQ (dpcm) 



Bii 8 : Cho tu dien deu ABCD. Chung minh rang: cac c^nh d6i dien vuong goc 
vai nhau timg doi mpt. 

Giai 

Ta chung minh: BC1AD; ABTCD; ^ 

AC 1 BD. 

Gci I la trung diem cua canh BC / j / 

bc-lai / / / n 

^[BC-LDI \ \ 

(vi A ABC; ADBC la B< / j / 

ede tan giac deu) M 

=>BC±(ADI) 
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Mat khac ta co: AD c(ADI) => BC 1 AD. 


Tirang iu, ta chung minh dupe: 


fABICD 
[AC 1 BD 


Bai 9: Cho tu dipn ABCD co AB1CD; BC JL AD. Gpi H la hinh chi4u 
vuong goc cua A tren mat phang (BCD). Chung minh rang: 

1. H la true tarn cua tarn giac BCD. 

2. AC 1 BD. 

Giai 

1. Tac6 AH l(BCD) 

=> AH1 BC (1) 

Mat khac ta c6: 

AD1BC (2) 

Tir(l) va (2) suy ra: 

BC 1 (ADH) => BC 1 DH 
*Theo de ra ta co AB1 CD (3) 

Mat khac ta co B 

AH 1 (BCD) 

=> AH1 DC (4) 

Tir (3) va (4) suy ra: 

DC 1 (ABH)=> DC 1 BH 
V£y BC 1 DH; CD 1BH. 

=> H la try:c tarn cua tarn giac BCD (dpcm). 

2. Chung minh AC 1 BD. 

Ta c6 H la tr\rc tarn cua tam giac BCD 
=> CH1BD (a). 

M$t khde ta c6 AH 1 (BCD) 

=> AH1 BD (b) 

Tir (a) va (b) suy ra: BD J. (ACH) 

=> BD 1 AC (dpcm) 

Bai 10: Cho A ABC deu canh a. Tren dudrng thang d vuong goc voi mat 
phang (ABC) t$i A lay diem M khac A. Gpi H la true tarn cua tam giac ABC; 
O la tr\rc tam cua tam giac BCM. 

1. Chung minh rang: MC 1 (BOH). OH _L (BCM). 

2. Duong thing OH cat duong thang d tai N. Chung minh rang: tir dien 
BCMN co cac cap canh doi dien vuong goc veri nhau. 

3. Chung minh rang: khi M di chuyen tren d thi tich AM.AN khong doi? 
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Giai 


1. Chung minh MC X (BOH). 
Goi K la hinh chieu vuong 


goc cua A tren BC 




[ BC 1 AK 
BC1MA 


. =>BC±(MAK). 

Ma MKc (MAK). 

=>BCX MK 

MSt khac ta co O la tr\rc tarn 
cua AMBC nen diem O thuQc 
dufrng thing MK 

=> K la giao diim MO va AH 
Do do ta c6 BCX(MAK). 

Ma OH c (MAK) 

=> BC X OH (1) 

Taco: 

BHXAC 

=>BH1MC (2) 

(djnh li ba duong vu6ng goc) 
M$t khac ta c6: 



BOX MC (3) 

Tir (2) va (3) suy ra: MC X (BOH) 

•Chumg minh OH 1 (BCM). 

Ta c6 MC X (BOH) 

=> MC X OH (4) 

Tir(l) v& (4) suy ra: OHX(MBC) (dpcm) 

2. Chung minh tu di?n BCMN co cac c&p c^nh d6i di?n vuong goc vdi 
nhau, ta chumg minh: BN X MC; BM X NC; BC X NM 
Ta co OH X (MBC). 

=> ON vuong goc voi mat phing (MBC) tai O 

Ma CM c (MBC); CM X BO; duong thing BO la hinh chieu vuong goc 
cua BN tren mat phing (MBC) 

=>CM X BN (dinh li ba duong vuong goc) (a) 

* Ta co O la true tarn cua A MBC nen BM X CO 
Ma duong thing CO la hinh chieu vuong goc cua duong thing CN tren 
mat phing (MBC) 
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=c>BM _L CN (dinh H ba ducmg vuong goc) (b) 

* Ta co d i.(ABC) (ducmg thing MN vuong goc voi m£t phing (ABC)) 
=> MM J- BC (c) 

Tir(a); ( b); (c) suy ra: tur dien BCMN co cac cSp canh ddi dipn voi nhau 

3. Taco AKM va ANH cung phu voi goc AHN nen AKM = ANH 
=>AANH va A AKM dong dang 

AN AH . 


AK AM 


AN.AM = AH.AK (*) 


M& kMc ta co A ABC deu canh a nen AK = ——4 H cung la trong tarn 

2 

cua A ABC 

2 v 2 yfex ■ Via 

3 3 2 3 

R Fx 2 

Do do tur (*) ta co: AN.AM = —~ . (khong doi). 

Vay khi M di chuyen tren d thi tich AM. AN khong doi 
Bdi 11: Cho tu dipn OABC co cac canh OA; OB; OC doi mpt vuong g 6 c 
nhau; OA = a; OB = b; OC = c. Gpi H 1£ diem thuoc mSt ph^ng (ABC) sao 
cho OH 1 (ABC). : 

1 . Chung minh ring 'ir dien OABC c 6 cac cdp canh doi dipn vuong g 6 c 
voi nhau. 

2. Chung minh BC 1 (OAH); H la trpc tarn cua tarn gi£c ABC. 

3. Chung minh —~ + —i-r + —^- 5 -. 

OH 2 OA 2 OB 2 OC 2 

4. Chung minh cac g 6 c cua tarn giac ABC deu nhpn. 

5. Tinh dipn tich cua tarn gi&c ABC theo a; b; c. 

6 . Chung minh: 

a. a 2 .tanBAC = b 2 .tanABC = c 2 .tanACB 

b. cos 2 HOA + cos 2 HOB + cos 2 HOC = 1 

7. Goi S ttOAB la dien tich cua tarn giac OAB. Chung minh ring: 

c q . 9.0H 2 

^AOAB + S AOBC + 5> AOCA - 2 

8 . Dat k = OA + OB + OC +AB + AC + BC. Tinh gia tri Ion nhit cua 
p = abc theo k. 
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9. Chung minh S AA3l ' S AOA „ -+ S AOBC + 'S AOAC . 

10. Goi M; N; P lit . ugt la trung diem cua cynh AB; BC; AC. Chung 
minh ring bin mil cua tu di<?n OMNP la cac tarn giac bang nhau. 

1 inh thee a; h; c g 4 tri cuatich: — .OH..S' AWV p 

1 1. Gia sir a 2 + b 2 + c 2 = h 2 (h diromg cho trude). Khi nao S aABC dat gia 

tri lan nhit. Chung nn nh ring khi do OH cung co do dai Ion nhat. 

Giai 


1 . Chung minh tu dien OA. BC co O 

cac c$p canh d6i dien vuon g goc dpK 

vdi nhau. / jT 

OAXOB / i 

OAlOC V \ 

^OAX(OBC) / /b 

OA 1BC (1) / ' / ( .. 

Chung minh tuang / . "/ 

tutaco: / 

JOB 1 AC I 

[OC 1 AB 

V(ty tir di?n OABC co 

cac cap canh doi dien B 

vuong goc v6i nhau. 

2. * Chung minh BC 1 (OAH) 

Ta co: OH _L<ABC) => OH1BC (2) 

Tu (1) va (2) suy ra: BC X (OAH) 

* Chung minh H la true tam cua tarn giac ABC. 

Taco BCX(OAH) =>BCX AH (3) 

(OB X OC .. . , AAD , 

Ta co _ , _ _ => OC 1 (OAB) 

OA IOC 


=>OCXAB (a) 

M$t khac ta c6: OH X (ABC) 

=> OH X AB (b) 

Tu (a) va (b) suy ra: ABX(OHC) 

^HCXAB (4) 

Tir (3) va (4) suy ra H la tryc tam cua tam giac ABC. 
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3. Chung minh 


1 1 1 
OA 2 + OB 2 + OC 2 


OH 2 OA 2 OB 2 OC 2 
Gpi K la giao diem cua AH va BC 
Ta co OA 1 (OBC) va OK c (OBC) 

=>OA±OK 

Tam gi£c OAK vuong t$i O co OH 1 AK. 

1 1 1 /tx 

=> -7 = -7 + -7 (1) 

OH 2 OA 2 OK 2 

Ta c 6 AK 1 BC; OK la hinh chieu vuong goc cua AK tren mat phSng (OBC). 
=> BC 1 OK (dinh li ba duomg vuong goc) 

Tam gi£c A OBC vuong tai O co OK 1 BC. 

Do do —i-y = -i -7 + ——7 (2) 

rvi/2 An2 r\r'2 v ' 


Thay (2) vao (1) ta dugc: 


1 1 1 , 
—7 + —7 + —7 (dpcm). 
OA 2 OB 2 OC 2 


4. Chung minh c£c g 6 c cua tarn giAc ABC ddu nhon. 

AB 2 = a 2 +b 2 
Ta c 6 ; < AC 2 = a 2 +c 2 
BC 2 = b 2 +c 2 
Mat khdc ta co: 

cosBAC = AB ' + Ac2 ~ Bc2 = (a 2 + b 2 ) + (a 2 + c 2 )-(b 2 + c 2 ) 


2AB.AC 


i 2 + b 2 .Va 2 +c 2 


cosBAC = 


/a 2 +b 2 .va 2 +c 2 


> 0 => BAC la goc nhpn 


Tucmg t\r, ta co cos ABC > 0; cos ACB > 0 

=> cac goc ABC; ACB la cac g 6 c nhpn. 

Vay cac goc cua tarn giac ABC deu nhpn. 

5. Tinh dipn tich cua tarn giac ABC theo a; b; c. 

Gpi S AABC la dipn tich cua tarn giac ABC. Ta co: 


5 aabc 


— .AK.BC 
2 


Ta co KA 2 = OA 2 + OK 2 . Ma OK 


OB.OC 

BC 


OB.OC 
/OB 2 +OC : 


> 2 + c 2 
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= KA' = > ! t bV 


t_ 2 2 2 2 * 2 "> 

b'a +a c +bc 


KA = 


b 2 +c 2 b 2 +c 2 

Vb 2 a 2 + a 2 c 2 + b 2 c 2 

WT7 


Mat khac ta co: BC = \Jb : 4 -c 2 


S 


A ABC 


1 ^/b a~ ■+■ a c ■+■ b“c fc /, ■> 7 1 /, ■> 2 5 ■> r"? 7 

. - p=. -.Vb‘+c‘ = -.Vb~a +a'c‘+b'c‘ . 


vtr +c 


Vay ~ . Vb 2 a 2 +a 2 c 2 + b 2 c 2 . 


6. a. Chung minh: a‘.tan BAC = b\tan ABC = cCtanACB 
Cdclt I: 

AK _ 

tan ACB BK BK.BC OB 2 


Ta co: 


tan ACB = 
tan ABC = 


CK 

AK 

BK 


tan ABC CK CK.BC OC‘ 


=>b 2 .tanABC = c 2 .tan ACB (5) 

Chung minh tuong tu, ta co: a 2 .tan BAC = c 2 .tan ACB (6) 

Tu (5) va (6)suy ra : a 2 .tanBAC = b 2 .tan ABC = c 2 .tan ACB (dpcm) 
Cdclt 2: 

AK „„2 . \ r»z'’ _ 1.2 


AB 


= OB .tan ABC =bCtanABC. 


Ta co: 2S v1liC = KA.BC = BC.BK. 

Vay 2S aahC = b 2 .tan ABC . 

Chung minh tuomg tu, ta co: 

2S AA nc = a 2 .tanBAC 

2 S,\abc = c 2 .tanACB 

=x>a 2 .tanBAC = b 2 .tan ABC = c 2 .tanACB (dpcm). 

b. Chung minh: cos 2 HOA + cos 2 HOB + cos 2 HOC = 1. 

x • LJrCv Ofi urvb OH ^ OH 
Taco:cosHOA=-; cos HOB = -rrr; cos HOC = 


OA 


OB 


OC 


cos 2 HOA + cos 2 HOB + cos 2 HOC = + ^-+ 

OA 2 OB 2 OC 2 
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=>cos 2 HOA + cos 2 HOB +aos 2 HOC = OH 2 .(-- - r + 

C»j \ 


+ T^r)(7) 


OB 2 OC' 


Ma 


1 


1 + _L + —!—(»> 


OH 2 OA 2 OB 2 OC 2 
Tir (7) va (8) suy ra: cos 2 HOA + cos 2 HOB + cos' H> OC = ! (dpcm ) 


7. Chung minh ring: S AbAB + S AOBC +S^ 0CA > 
S 


9.0 H 


Taco: < 


AOAB 


= — .OA.OB = — .ab 


^aoac ~ 2 OAOC _ 2 -ac 
^AOBC “ 2 = 2 •' 3€ 

^AOAB + ^AOBC + ^AOCA = 2 + 2 + 2 ^ 


= - (ab + ac + be) > - .3.- !/ab.acbc 
2 2 


3 , 


.vaVc 2 (I) 


M£t khac ta c6: 
1 1 


1 1 

4- -- + 


OH 2 OA 2 OB 2 OC 


1 


1 


2 + p- + 


1 


>3 


1 


= 3. 


1 


V a 2 b 2 c 2 ' 


a' t>' c 
Tir (I) va (II) suy ra : (S AOAB + S AOBC +S AOCA ) 

9.0H 2 


2 c 2 


( h I) 


OH 2 


^ ^AOAB + ^AOBC + ^AOCA ~ 


(dpcm) 


8. TInh gia tri 1cm nhat cua p = abc theo k. 

Ta co k = OA + OB + OC +AB + AC.+ BC 


= a + b + c + Va 2 +b 2 + Va 2 + c 2 Wb 2 + c 2 
Mat khac ta co: a + b + c > 3. >/abc 
va Va 2 + b 2 + \Ja 2 +c 2 + Vb 2 +c 2 > V2ab + >/2ac + >/2b c 
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Ma >/2ab +- >/2ac + /2bc >3. //2ab.V2ac.V2bc = 3. /2 . -l/abc 
=> \[cf~+b* + \ja*~+c* + yjb 2 +c~ > 3. -Jl . ifabc 
=>k=a + b + c + /a 2 + b' + /a 2 +c 2 + \/b 2 + c 2 >3. /abc + 3. /2 . /abc 
=>k>3./abc + 3./2 ./abc = 3(1 + /2 )/abc 

k — . k 3 _ k'(/2-l) 3 


> /abc => p = abc < 


27 


(HI) 


<=> ( 


/— Z_ V MUV -K !_/ Ul/V — I- 

3(1+ V2) 27(1+ /2) 3 

Bat ding thurc (III) xay ra dau “=” 
a = b = c 

/a’”+b’~ = /a 2 +c 2 = /b 2 + c 2 o a = b =c 
/2ab = /2ac = /2cb 

Mat khac taco k = a + b + c + /a 2 + b + /a 2 + C 2 " + Vb 2 +c 2 

=>k = 3a + 3a/2 =>k=3a(l + /2) J ’ ^ 


=> a = 


3(1 + /?) 3 

k(/2-l) 


Vay bat ding thuc (III) x<ky ra dau ‘o c = b = a 

J^3/ | ^ 

Do do ta co ket luan: p = abc dat gid trj Ion nhat bing P max =-- 


27 


... . ..... . k(/2-l) 

khi va chi khi c = b = a =--- 

9. Chimg minh S AABC = S AOAB + S AOBC + S A0AC . 
Theo Idri giai tren ta c6; 


S aabc = ~ ■ \/b 2 a 2 +a 2 c 2 +b 2 c 2 va j 


S A OAB-f OA - OB = ^ ab 

Saoac = 2 -OA.OC = 2 ' ac 
S AOBC=^ OBOC:= f bC 


=> s 


1 . % 1 -y 7 . , 2 7. 1 It 2 . 1 2J. , 1 t_2_2 


aabc = - (a 2 b 2 + «V + bV) - - Vb 2 + i .a 2 c 2 + - t ,b 2 c 

AABC 4 v '4 4 4 


.2u2 . _2_2 . u2„2 

= ^AOAB + ^AOBC + SaOAC^P 001 )- 
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10. *Chung minh bon mat cua tu 


O 



OMNP la cac tam giac 
bang nhau. 


1 


* Tinh theo a; b; c gia tri cua ti'ch: - .OH. S AMNP 
Ta co: 


1 


OH 2 

=> OH = 


1 1 1 

+ - + 


OA 2 OB 2 
abc 

Vc 2 b 2 +a 2 c 2 + b 2 a 2 


OC 


j_ j_ j_ 


a 


b 2 


c 2 b 2 +a 2 c 2 + b 2 a 2 
a 2 b 2 c 2 


AR 1 

Mat khac ta co: NP // AB va NP = => d(C; NP) = - ,d(C; AB) 

(V6i d(C; AB) la khoang each tir C den duong thSng AB) 

=> S 4MNP - .NP.d(C; NP) = \ ™ ■ \ d <C: AB) 

«i(±AB.d(C;AB))-i.S MBC 


»i.i .Av+<.v+»v'. 

4 2 


Do do ta co: 


- .OH.S 


abc 


.(—. — . Vb 2 a 2 +a 2 c 2 + b 2 c 2 ) = 


AMNP 


3 yjc*b 


2 +aV+b 2 a 2 4 2 


abc 

~2A 


VJytac6i.OH.S 4MNP = ^ 
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11. Taco: S aaB( . = — . Vb 3 a 3 + a 3 c 2 + bV 


1 . 2i 2 2 2 , 2 V 

=> S AARC := - (a b +a c +bc) 

4 


— .(a 2 b 2 + a 2 c 2 + b 2 c 2 ) + - ,(a 2 b 2 + a 2 c 2 + b 2 c 2 ) ( 9 ) 
12 6 


a'b < 


, a 4 + b 4 


Mat khac ta co: < a‘c‘ < 


4 4 

? 9 a + c 


2,2 , C 4 + b 4 

c b <- 

2 


4 i 4 4 4 4,4 

2.2 , 2„2 , , 2_2 ,a+b a +c c+b 4,4. 4 


=> a V + aV + bV < — + -—— + — 

2 2 2 


a + b +c (10) 


■=> S AAfU . < — ( a 4 + b J +c 4 ) + — .(a 2 b" + aV + b 2 c 2 ) 


A. 1 / „4 , f 4 , _4 


Ma — ( a 4 + b 4 + c 4 ) + - (a 2 b 2 + a 2 c 2 + b 2 c 2 ) 

12 6 

= — (a 4 + b 4 + c 4 + 2a 2 b 2 + 2a 2 c 2 + 2b 2 c 2 ) 


— (a 2 + b 2 + c 2 ) 2 =-i.h 4 

12 12 


c2 . 1 u4 _ c „ h 2 _ V3.h 2 , 11N 

^AABC - h ^ ^AARP - rrr 7 0 1 ) 


A ABC' - j 2 - - A ABC ^ 

Bat dang thuc (11) xay ra dau “=” khi va chi khi a 2 = b 2 = c 2 
Mat khac ta co: a 2 + b 2 + c 2 = h 2 

h Jl 

Do do 3a 2 - h 2 => a =-( vi h > 0) 

3 

hV3 

Vay bat dang thiic (11) xay ra dau “=” khi va chi khi b = c = a = —j— 

h 3 

Ket luan: S AABC dat gia tri Ion nhat bang — : — khi va chi khi b = c = a 

6 

hV3 


hV3 
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* Chung minh rang khi do OH ciing co do dai l&n nhat. 
Ta co: 

1 


1 


1 1 

+ 


7 3 -^v (12) 


OH 2 OA 2 OB 2 OC 2 a 2 b 2 c z \a'b 2 c 

a 2 +b 2 +c 2 _ h 2 
3 3 


Mat khac ta co va 2 b 2 c 2 


< 


1 


> — 3 


1 


> 


h 2 h 2 


( 13 ) 


10 U 2 U 

Tu- (12); (13) => — T > — => OH 2 < — => OH < - (14) 

v 7 OH 2 h 2 9 3 

B£t dang thirc (14) xay ra dau “=” khi va chi khi a 2 = b : = c 2 

Mat khac ta co: a 2 + b 2 + c 2 = h 2 


=> 3a 2 = h 2 => a = 


hV3 


( vi h > 0) 


Vay bat dang thirc (14) xay ra dau khi va chi khi b = c = a 


hV3 


3 


^2 hV3 

Do do S AABC dat gia tri Ion nhat bang —-— o b = c = a = —j~ 


Khi do OH cung dat gia tri Ion nhat bang OH max = — . 

Bai 12: Cho hinh chop S.ABCD vdi SA l(ABCD); SA= aV3 ; A BCD la 
hinh vuong canh a. Gyi H; K lan iugt la hinh chieu vuong goc ciia A tren 
SB; SD. 

1. Chung minh SCI(AHK). 

2. Chung minh KH // BD. 

3. Goi I la giao diem ciia SC va mat phang (AHK) 

a. Xac dinh diem I. 

b. Chung minh AI ISC; Al i. HK. 

c. Tinh dien tich tir giac AHIK theo a. 

Giai 


1. Chung minh SC _L (AHK). 
BC1 AB 
BC1SA 
=>BC 1 (SAB). 


Ta co 
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Ma AH c (SAB) 



=> KA l(SCD) =>KA ISC (4) 

Tir (3) va (4) suy ra: SC ± (AHK) (dpcm) 
2. Chung minh KH // BD. 

Cdclt 1: 


Taco A SAB = ASAD => ASH = ASK va SB = SD 


=> ASHA = A SKA => 

SH SK SH 

=> - = - => - = 

SB SB SB 

=> HK // BD (dpcm) 


SH = SK 
SK 

— (vi ASAB = ASAD => SB = SD) 
SD 


Cdch 2: 


Ta co 


BD 1 AC 

=> BD 

BD1SA 


1 (SAC) =>BD J_CS 


MAt khac ta co: (AHK) _L CS va CS khong co diem chung voi (AHK) 
=> BD // (AHK)(5) 

ra CO BD e(SBD); (SBD)n (AHK) = KH (6) 

Tir (5)va (6) suy ra: BD // KH (dpcm ) 

3. a. Xac dirih diem 1 = CS n (AHK) 

Goi 0 la tarn hinh vuong ABCD. Ggi T la giao diem cua KH va SO 
M(5t khac ta co: CSc(SAC); (SAC)n(AHK)= AT 
Khi do I = CS n AT 
b. * Chung minh A1 1 HK. 

Ta co BD .LAC; BD ISA 
nenBD 1(SAC)(*) 

Ma I = SC n(AHK) 



=> I e (SAC) 

=> Ale (SAC) 

Do do tu (*) => BD _L AI 
Ma HK // BD 
=> HK 1 AI (dpcm) 

* Chung minh AI ISC 
TacoCS l(AHK) 

Ma AIc(AHK) 

=> CS -L AI (dpcm) 
c. Tinh dien tich tu gidc AHIK 
theo a. 

Theo chung minh tu giac AHIK 
giac AHIK la: 

S = — .AI.KH (I) 

2 


S 



6 HK-L AI. Do do di^n tich S cua tu 


-r ,/nn HK SK 

Ta co KH // BD => - = — 

BD SD 

SK.BD = SK.SD.BD = SA 2 .BD = SA 2 .AB.72 
° SD SD 2 SD 2 SA 2 +AD 2 

= 3a 2 .aV2 = 3 .a 72 
3a 2 +a 2 4 


Mat khac ta co: CS 1 AI 


AI 


AI = 


SA.AC 


SA.AC 


SC Vsa 2 + AC 2 
a73.a72 a-v/30 


(AC = BD = a 72) 


=> s - — 


V 3a 2 + 2a 2 5 

1 a730 3.a72 3.a 2 .7l5 


20 


B*i 13: Cho tu di?n OABC co OA; OB; OC doi mot vuong goc nhau; OA = 
OB = OC = a. Gpi K; M; N lan IuqI la trung diem cua canh AB; BC; CA. 
Tren tia OK lay diem E sao cho K la trung diem cua doan thing OE. Gpi I la 
giao diem cua CE va mat phing (OMN). 

1. Chung minh ring: CE 1 (OMN). 

2. Tinh di?n tich cua tur giac OMIN theo a 
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Giai 

1. C'hirng minh CE _L(OMN). 

Ta co tam giac OAB la tarn giac vuong can tai O va K la trung diem moi 
doan thang OE; AB. 

=^> Tu giac OAEB la hinh vuong C 

[OAIOB 


Ta co 


OCIOB 


OBX(OAC). 

Ta co EA // OB ^ / 

^ EAT (OAC). h 

Ta co tam giac OAC la / 

tam giac vuong can tai O va / C 

N la trung diem cua canh AC / 

=*ON 1 AC / 

Mat khac ta co: AC la a . 
hinh chieu vuong goc cua EC 
tren mat phang (OAC) 

=> ON T CE (djnh li ba ducrng vuong goc) 
Tircmg tu, ta co ON 1 CE 
CE 1 (OMN) (dpcm). 

2. Gpi T = MN oCK 

=> OT = (OMN) n (OCK) 

Khi do I chi'nh la giao diem cua OT va CE = 
Mat khac ta co: CE 1 (OMN) =>CE lOl 
fOClOA 


01 c (OMN) 


Ta co 


OCIOB 


=> OCT (OAB) => OCTAB. 

Ta co OK 1 AB. => AB 1 (OKC) 

=> AB T 01 ( vi 01 c(OKC)) 

Taco MN // AB => MN10I 

Tu giac OMIN co MN T 01 nen dien tich S cua tu giac OMIN la: 
o 1 1 AB OC.OE 1 AB OC.AB 

2 2 2 CE 2 2 V0C 2 +AB 2 

1 a>/2 a.aV2 _ a 2 .yfl _ 1 a>/2 a.aV2 _ a 2 .V3 
' 2'T"‘7a 2 +2a 2 ” ” 2 '~T ' J a 2 + 2a 2 ~ 
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Bai 14: Cho tam giac ABC deu canh a. Tren cac dircrng thing vuong goc vai 
mat phing (ABC) tai B; C lan lircrt lay D vaE nim ve mot phia doi voi mat 

rz 

phing (ABC) sao cho: BD = ; CE = a V3 . 

1. Tinh do dai cac doan thing AD; AE; DE theo a. 

2. G(?i M la giao diem cua ED va BC. Chung minh ring: AM _L(ACE) 

Giai 

1. Tinh do dai cac doan thing AD; AE; DE theo a. E 

Tam giac ABD vuong tai B 


AD 2 = AB 2 + BD 2 

2 3a 2 7a ; 

= a + — = — 


=> AD =- 

2 

Tam giac ACE vuong tai C M 1 
=>AE 2 = AC 2 + CE 2 

= a 2 + 3a 2 = 4a 2 
=> AE = 2a 


G<?i H la hinh chieu vuong goc cua D tren CE. Ta co HC = EH 
Tam giac DHE vuong tai H 


=>DE 2 = DH 2 + HE 2 = a 2 + ( — ) 2 = — =>AE=-^ 

2 4 2 

Vay AD = AE = ; AE = 2a 

2. Chung minh AM l(ACE) 

a CF 

Ta co BD // CE v* BD = — = — 

2 2 

=> BD la dudmg trung binh cua tam giac CME. 

D la trung diem cua canh ME 
=>DM =DE = AD 

=> Tam giac AME vuong tai A => AE 1 AM 
. (AMc(ABC) „„ . ... . ... , 


Mat khac ta co: 


CE -L(ABC) 


=> CEJLAM => AM 1 (ACE) (dpcrri) 
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Bai 15: C'ho hinh chop S.ABCD voi ABCD la hinh thang vuong tai A; B; 
SA J (ABC’D); BC = 2AB = 2a. SA = a; AC 1 BD. 

1. Chung minh rang: A SBC vuong, 

2. Tinh theo a do dai doan thang AD. 

3. M la diem tren canh SA; AM = x; goi E la hinh chieu vuong goc cua 
D tren BM. Tinh theo a va x do dai doan thang DE. Xac dinh x de 
doan thang DE co do dai Ion nhat; nho nhat. 

Giai 

1. Chung minh A SBC vuing. 

TacoSA T (ABCD) =>SA 1BC 

Mat khac ta co: tu giac ABCD la hinh thang vuong tai A; B nen AB1 BC. 
=v BC _L SB (djnh li ba duong vuong goc) 

=t- A SBC vuong a B A D 

2. Goi O = AC n BD 

Ta co AC 2 = AB 2 + BC 2 

= a 2 + (2a) 2 = 5a 2 

=> AC = a V? 

Ta co AC 1 BD; O = AC n BD 
=> AC’.OA = AB 2 




1 _ 1 1 

^ AD 3 OA 2 AB 2 

= JL_ _L = ± 

a 2 a 2 a 2 

=> AD 2 = — zz>AD= - 

4 2 


Vay AD = - 
2 

E la hinh chieu vuong goc cua D 
trenBM=> DE 1 BM (1) 


Ta co 


AD ISA 
AD 1 AB 


=> AD i (SAB) 
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Ma BM c (SAB) 

Do do AD 1 BM (2) 

Tir (1) va (2) suy ra : BM 1 (ADE). 

=> BM 1 AE. 

Tam giac ABM vuong tai A co BM 1 AE. 

. „ AM.AB AM.AB x.a 

—s — _— __ — _ 

BM VAM 2 +AB 2 six 2 + a 2 
M£t khac ta co: AD 1 (SAB) 

Ma AE c (SAB) 

Do do AD 1 AE 


=> DE 2 = AE 2 + AD 2 = ( . Xa ,) ; + (-) 2 


, I 


x 2 +a 2 

. 2 2 


2 „ 2 


x 2 .a 2 a 2 a'(x"+a') + 4x‘ : ,a 


x 2 +a 2 


4(x 2 + a 2 ) 


nk „ 2 a 2 5x 2 +a* a' 5(x 2 +a )-4a 2 a 4a* 

=> DE = —. - r = — . —- - —- = —.( 5 - 

4 x 2 +a* 4 x 2 +a 2 4 


x 2 + a 2 


=>DE 


a 


J 5 


4a' 


2 V x 2 +a 2 


•X^cdjnhxde DE = 5 


4a : 


x 2 + a 2 


(V x e [0;a]) dat gia tr| lor mh4t; 


gia trj nh6 nhat 


+ DE = — 5 


4a 2 


x 2 +a 2 


dat gi£ trj lorn nhat (V x e [0;a]) 


o - 


4a 2 


x 2 +a 2 


dat gi& trj nho nhit (V x e [0;o]) 


<=>x 2 + a 2 dat gia tri I6n nhat (Vxe[0;a])o x = a 


a 


+ DE= f ,J5 

4 

4a 2 


4a 2 


2 V x 2 +a 2 


dat gi& trj nhd nh&t (V x e [0;a]) 


<=> 


x 2 +a 2 


dat gia trj Ion nhat (V x e[0;a]) 


OX 


+ a 2 dat gia tri nho nhat (Vxe[0;a]) o x = 0 
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Bai 16: Cho tir dien ABCS; tam giac ABC la tam giac vuong can tai B; 
SA l(ABC); AC = 2a. 

1 Chung minh rang: (SAB) X(SBC). 

2. Trong mat phang (SAB) ve AH vuong goc voi SB tai H. Chung minh 
AH 1 (SBC). 

3. Tinh do dai doan thing AH. 

4 Goi O la trung diem cua AC, K la hinh chieu vuong goc cua O tren 
mat phang (SBC). Tinh do dai doan thing OK. 

Giai 


1 . Ta co 


BC1AB 

BC1SA 


BC -L (SAB) 


=> (SAB) X (SBC) (dpcm ). 

(SAB) X (SBC) 

2. Ta co : • SB = (SAB) n (SBC) 

AH c (SAB) 

AH X(SBC). 

3. Tam giac SAB vuong tai A co duong 

. u , A , A u SA.AB 
c:io AH do do AH =- 


AH = 


SA-AB 
/SA 2 + AB 2 



Ma AC = AB sfl 2a = AB => AB = a. V2 


=> AH = 



a >/6 

T~ 


Chiiy: Ta co the dung h? thurc 


_L = _L __L 

AH 2 “ SA 2 + AB 2 


dl tinh AH 


4. Ta co AH X (SBC) (theo chung minh cau 2) 

=> (AHC) X (SBC) 

Mat khac ta co: HC = (AHC) n (SBC); O e (AHC) 

Khi do diem K la hinh chieu vuong goc diem O tren HC 
^>OK X HC =>OK X (SBC). 

Ta co AH X (SBC); dilm O khong thupc AH nen ta co OK // AH( 1) 
Diem O la trung diem canh AC (2) 

Tu (1) va (2) suy ra OK = 

2 6 
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Bai 17: Cho tur dien ABCS co SA 1 (ABC). Gg>i H; K lan lurgt la true tam 
cua tam giac ABC; SBC. Chung mirth ring: 

1. AH; SK; BC dong quy. 

2. (ACS) 1 (BHK). 

3. KH X (SBC) va (BCS) X (BHK). 

Giai 

1. Goi R la giao diem cua AH va BC. 

Ta can chung minh ba diem S; 

K; R thing hang. 

=>AR 1 BC 

=>SR 1 BC (dinh li ba ducmg 
vuong goc) 

Mat khac ta co: K la true tarn 
cua tam giac SBC 

Do do K thupc duong cao SR 
cua A SBC 

=> Ba diem S; K; R thing hang. 

=> Cac duong thing AH; SK; BC dong quy. 

2. Taco SA X (ABC); BH c (ABC) => SA X BH (1) 

Mat khac ta co: H la true tam cua A ABC nen AC X BH (2) 

Tir (1) va (2) suy ra : BH X (SAC) 

Ta co BH c (BHK) 

=> (BHK) X (SAC) 

3. * Chung minh KH X (SBC) 

Ta co BC X (SAR); KH c (ARS) =>BC XKH (a). 

Ta co BH X (SAC) => BH X CS (3) 

Mat khac ta c6: K la true t£m cua tam giac SBC nen , KB X CS (4) 

Tir (3) va (4) suy ra: CS X (BHK)=> CS X KH (b) 

Tir (a) va (b) suy ra: KH X (SBC) 

* Chung minh (BCS) X (BHK). 

TacoKH X(SBC); KH c (BHK). 

=>(BHK) X(SBC) (dpcm) 

Bai 18: Hinh chop S.ABCD c6 day ABCD la hinh thang vuong tai A va D. 
co AB = 2a; AD = CD = a; SA X (ABCD); SA = a. 

1. Chung minh ring: (SAD) X (SDC); (SAC) X (SBC). 

2. Goi <p la goc giua hai mat phing (SBC) va (ABCD). Tinh tan<p. 
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* Chung minh (SAC) 1 (SBC). 

Goi I la trung diem cua canh AB 

=>Tu giac BCDI la hinh binh hanh; tarn giac ADI vuong can tai A; tir 
giac A1CD la hinh vuong. 


=> BC//DI; AC 1 DI=> AC 1 BC (1) 

Mat khac ta co: SA 1 (ABCD) => SA 1 BC (2) 

Tir (1) va (2) suy ra : BC 1 (SAC) 

Ta co BC c (SBC) 

=>(SAC) 1 (SBC) (dpcm). 

2. Ta co AC 1 BC => CS 1 BC (dinh H ba duong vuong goc). 
=> <p = SCA 


=> tany? = tan SCA = 


SA 


a 


72 

2 


CA a.yfl 

6. Bai toan 6: Thiet difn cua hinh da di$n cit boi mat phing vuong goc 
vYri myt duong thing; vuong goc vdi m§t mftt phing. 


Phuong phdp: 

1. De xac djnh thiet di?n cua hinh da di?n cat bai mat phing vuong goc voi 
mpt duong thing ta dung tinh chat sau: 

“Neil mqt phang (P) vuong goc voi duong thong a thi mat phdng (P) se 
chira hoac song song voi cac duong thang vuong goc voi a". 

Khi do chuyen bai toan ve xac djnh thiet dicn cua hinh dien cat bai mat 
piling chira duong thing hoic song song voi duong thing (da xet trong 
quan he song song) 

2. De xac dinh thiet di£n cua hinh da di^n cit boi mat phing vuong goc voi 
mot mat phing ta dung cac tinh chat sau: 

- “N£u mqt phdng (P) vuong goc voi mdt phdng (Q) thi mat phdng (P) se 
chua hodc song song voi cac duong thdng vuong goc voi mdt phdng (Q)'\ 
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- “Neu mat phang (P) ±(Q); M e (P); dieting thang a qua M; a 1 (Q) (hi 
eluting thang a chiea trong mat phang (P)". 

Khi do chuyen bai toan vi xac dinh thiet dien cua hinh dien cat bdi mat 
phSng chua duong thing; song song voi ducmg thang (da xet trong quan he 
song song) hoSc mat phing (P) trung voi mat phing di qua ba diem khong 
thing hang. 

Vidu: 

Bai 1: Cho hinh chop S.ABCD; biet ABCD la hinh vuong canh a, SA 1 (ABCD), 
SA = aVJ 

1. Xac dinh giao tuyen cua (SAC) va (SBD). 

2. a. Chung minh A SBC; ASCD la nhung tarn giac vuong. 

b. Goi H la hinh chieu vuong goc cua A tren mat phing (SBD). Chung 

minh H la true tarn A SBD va = —— + —^-r + — 

AH 2 AS 2 AB 2 AD 2 

3. Diem M tren canh AB.d^t AM = x (0 < x < a ). Mat phing a qua M 
va vuong goc vdi AB. Xac djnh thiet dipn cua hinh chop S.ABC cit 
boi mat phing a , thiit dipn la hinh gi. Tinh di?n tich thiet dien theo 
a, x. Tim x de di?n tich nay Ion nhat. 

Giai 

1. Gpi O la giao diem cua AC; BD => SO = (SAC) fl (SBD) 

2. a. + Ta co CD J_ AD => CD X SD => A SCD la tarn giac vuong tai D 

+ Ta co CB_L AB CB1 SB => A SBC D tarn giac vuong tai B 
b. + Ta co BD 1 (SAH) =>BD 1 SH (1) 

Ta co AB 1 SD va AH 1 SD 
=> SDl(ABH) => SD 1 BH (2) 

Tu(l)va(2) suy ra Hia true tarn ASBD 

+ A ABD vuong tai A nen ta co —~ + —^-7 (3) 

6 - AO 2 AB 2 AD 2 

+ A SAO vuong tai A co duong cao AH nen —^-7 = —^-7 + -—r (4) 
6 - e AH 2 AO 2 AS 2 

Thay (3) vao (4) ta ducrc: • . = —^-7 + —^-7 + —^-7 (dpcm N ) 

- AH 2 AB 2 AD 2 AS 2 

1. + Ta co BC 1AB (AD 1 AB); SA 1 AB 

Mat khac B; A khong thuoc mat phing a nen BC; SA song song mat phing 

2 , mat phang a cat cac canh AC, SC, SB lan luot tai N, P, Q ithoa man 
4N // BC, NP // SA, MQ // SA. 


72 



=> NP //MQ (a) 


Vay thiet dien cua hinh chop S.ABC cat bcri mat phang a la tu giac MNPQ 
[NP//SA 

fa co . => NP //MQ (a) 

(MQ//SA 

Mat khac ta co: 

BC//«;BCc (ABC); MN = (ABC) n a ; 

BC c (SBC); PQ = (SBC) n a 
(MN//BC 

Do do MN // PQ (b) 

(PQ//BC 

T'a co BC 1SA (c) 

Tir (a); (b); (c) suy ra: Tu giac MNPQ la hinh chu nhat. 

+ Dien tich S cua thiet dien MNPQ la: S = MN.MQ 

Ta co MQ // SA nen MQ = BN1S - = (a - x)V3 


Do do 


MN // PQ (b) 


= (a - x)V3 


Ta co MN // BC nen MN = AM BC l = x 

BA 


S = x ,(a-x)V3 < 


Bat dang thuc (*) xay ra dau “=” <=>x = a- x <=>x = — 


Vay: Dign tich S cua thiet dien MNPQ dat gia tri Ion nhat la 


. a 2 ^3 
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Bai 2: Cho A ABC deu co ducmg cao AH = 2a. G<?i O la trung diem doan 
thing AH; tren ducmg thang vuong goc mat phing (ABC) tai O lay diem S 
sao cho SO = 2a. Gpi I la diem tren doan thing AH (I khong trung vdi A; H). 
Dat AI = x (O < x < 2a). Mat phing (P) qua 1 va (P) J_OH. 

1. X£c dinh thiet dign cua hinh chop S.ABC cit bdi mat phing (P). Tinh 
chat cua thiet dien nay. 

2. Tinh dien tich thiet dien cau 1. A\ 

Giai / \\\ 

1. Taco SO ±(ABC); OH c(ABC) / \\ \ 

=>SO _L OH / \\\ 

Ta co (P) _L OH. / \\ \ 

Mat khac ta co: BC1 OH j \ \ / *- 

Ma B; C khong thuoc (P) / \ 

^ _ . fBC//(P) , . f BC//(P) / / R V/n 


Do do ta co 


ho3c 


BC//(P) 

SO//(P) 


isoc(P) ’ [so//(P) " -—v b 

Diem I tren do^n thing AH (1 khong 
trung vcri A; H). 

=> I thuQC doan thing AO (I khong trung voi A) hoac I thuoc doan thing 
OH (I khong trung voi H ). 

+ Truong hopl: Diem I = O 

Khi do mat phing (P) chua SO va (P) // BC. 

Ta co BC c (ABC); (P) // BC va (P) n (ABC) = On 

=> On // BC. /A\\ 

Duong thing On cit AB; AC lan lugrt tai M’; N’. / 

Ta co SM’ = (P) n (ABS); / \\^\ 

SN’=(P) n(ASC) / \\ \v 

Thiit dign cua hinh ch6p S.ABC cit / \ \ ./ c 

bcri mat phing (P) la tam giac SM’N\ / *N \ )/ 

Tinh chat cua thiet di§n: ^ X) \ 

Ta co O la trung diem cua doan thing A jvf V R 

AHvaM’N’ //BC 

=> M’; N’ lan luot la trung diem cua canh AB; AC. 

Mat khdc ta co: A ABC diu nen AH la trung true cua canh BC; O € AH. 

OB = OC => SB = SC. 

A SAB = A SAC (c.c.c) 


=> SAM' = SAN’ 
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Ta co AH = AB. 


=> 2a = AB. 


V3 

2 

AB=^ 

3 


A 

2 


=> BC = AC = AB = 


W3 

’ 3 


=> AM' = AN' 


AB = 2a.V3 
2 3 


=> A SAM' = A SAN’ (c.g.c) => SM' = SN’ 

=> Thiet dien cua hinh chop S.ABC cat bdi mat phang (P) la tam giac 
SM'N' can tai S. 

+ Truong hop 2 : Diem I thuoc doan thing OH (I khong trung vdi O; H). 
Khi do mat phang (P) qua diem I va (P) // BC; (P) // SO. 

Ta co BC c (ABC); (P) // BC; (P) n (ABC) = Im 
=> Im // BC. 

Duong thing Im cit AB; AC lan luot tai M; N 
=> MN//BC (1) 

Ta co SO c (AHS); (P) // SO; (P) n (AHS) = It 
=> It // SO 

Duong thing It cit SH tai T. 

Ta co BC // (P); BC c(SBC);(P) n(SBC)= Ty 
=>Ty // BC. 

Duong thing Ty cit SB; CS lan luot tai K; R. 

KR // BC (2) 

Vay: Thiet dien cua hinh chop S.ABC cat bdi mat phing (P) la tur giac 
MNRK. 

Tirth chat cua thiet di(>n: 

Taco A SAB = ASAC(c.c.c) => SBA = SCA => MBK = NCR (a) 

AM AN 

Ta co MN // BC => —— = —— => AM = AN (vi AB = AC) (b) 

AB AC 

BK RC 

Ta co KR // BC => — = — => BK = RC (c) 

BS SC 

Tir (a); (b); (c) suy ra : A MBK - A NCR(c.g.c) 

=> KM = RN (3) 

Tir (1); (2); (3) suy ra: Thiet dien cua hinh chop S.ABC cit bdi mat 
phing (P) la hinh thang can MNRK (KR // MN; KM = RN) 
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+ Truong hop 3: 

Diem I thuoc doan thdng AO( diem I khong trung A; O) 
Khi do mat phang (P)di qua diem I va (P) // SO; (P) // BC, 
Ta co BC c (ABC); (P) // BC va (P) n (ABC) = In’ 

=> In’ // BC. 

Ducmg thang In' cat AB; AC lan lucrt tai Mi; N|. 

Ta co SO c (AHS); (P) // SO; (P) n (AHS) = It’ 

=> It’ // SO 


Duong thang It’ cat SA tai T| . 

TacoMiT, =(P) n(SAB);N,T, = (P) n(SAC) 

=> Thiet dien cua hinh chop S.ABC cat boi mat phang (P) la tan giac 


T,M|N|. 

Tinh chat cua thiet dien: 
Taco ASAB= ASAC(c.c.c) 

=> T^AM, = TiAN, 


Ta c6M,N, //BC 
. AM, AN, 
AB AC 


M,N, 

BC 


=> AM| = AN i = M|N|. 

( vi AB = AC = BC). 

=> A T, AM, = A T,AN, (c.g.c) 



=>T,M, = T,Ni 

Do do: Thiet di?n cua hinh chop S.ABC cat boi mat phang (P) la tarn 
• giac TiM|N| can tai Ti. 
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2. I inh dien tich cua thiet dien cua hinh chop S.ABC cat boi mat phang (P). 

-+ 'lnn'mg h<rp I: thiet dien cua hinh chop S.ABC cat bai mat phang (P) 
la tam giac can SM‘N‘ 

1 a co diem () la trung diem doan thang AH: S 


M‘N' // BC 


.-> M ’ N ‘ = 


BC 


2a.\J5 


*■> 


Va\ dien tich thiet dien SM'N' la: 
.S\ Mrv = - 1 .M'N'.SO 


1 2a.V3 


2a : .^3 


,2a 



■> 

J 


4 - 


7 r ir('rng hop 2: thiet dien cua hinh chop S.ABC cat boi mat phang (P) 
la hinh thang can MNRK (KR //MN; KM = RN) 

Taco IT// SO; SO 1 MN. 



C 


-4> 


rr = hi 
so " no 


rr cro AH-A1 2a - X 
=> II = SO. —-= 2a.-= 2(2a - x) 

HO a 

KR ST 01 


Ta co KR // BC = 

BC SH OH 

(Vci OA = OH = a; 01 = AI - AO = x - a> ■ 
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=> KR = BC. 


Ol 

OH 


4a. Vl x-a _ 4(x-a).v3 
3 ' a 3~~ 


S 


iViNRK 


1 2x.sf?> 4(x-a).%/3 (6x-4a)(2a - x)v/? 

J --- +- - -]2(2a-x)=- — 

2 3 3 a 

+ Truong hap 3: Thiet dien cua hinh chop S.ABC cat bai mat phang (P) 
la lain giac T|M|N| can tai T|. 

Taco IT, //SO; M,N, 1 SO 
=>M,N, 1 IT| 

=>Dien tich thiet dien T|M|N| la; 

Sat.m.n, 4 M,N| IT ' 

i T a r 

Ta co IT, // SO nen -—- = —— 

SO AO 

=> IT| = SO.= 2a.— = 2x 
AO a 

Theo chung minh tren ta co: 

AM,= AN, =M,N| 

=>Tam giac AM,N| deu co duong cao A! 



x. 


Do do AI = M|N| '^ 


M,N,.V3 2x73 

x = — 1 — 1 - => M,N| = 


^ L Vr,M,N, • • 


3 

2x 2 .fi 


2 3 3 

Bai 3: Hinh chop S.ABCD co day ABCD la hinh thang vuongtai A va D, co 
AB = 2a; AD = CD = a; SA 1 (ABCD); SA = a. Gpi (P) la indt phang chua 
SD va vuong goc voi mat phang (SAC). 

1. Hay xac djnh mat phang (P). 

2. Xac djnh thiet dien cua hinh chop S.ABCD cat btri mat phang(P). 
Tinh theo a dign tich cua thiet dien nay. 


1. Goi I la trgng diem cua canh AB 

=> Tir giac BCDI la hinh binh hanh; tarn giac ADI vuong can tai A; tir 
giac AICD la hinh vuong. 
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> 1)1 X ,\(' (I) 
la co SA 1 (ABCI)); 

DI c (ABC D) 
t-1)1 J. AS (2) 

I u (1) va (2) su\ ra: 

1)1 J. (SAC) 


*U\ 


H iM' 


Mat khac ta co: D e (P); 

(P) 1 (SAC) D ' C 

-o (P) chinh la mat phang (SDI). 

2. Thiet dien ciia hinh chop S.ABCD cat bcri mat phang (P) chinh la thiet 
dien cua hinh chop S.ABCD cat boi mat phang (SDI). 

Do do thiet dien can tim la tarn giac SDI. 

* Tinh dien tich tam giac SDI. 

Ta co Al = AD - SA = a; I AD = IAS = SAD = 90° 

=> AIAD = A IAS = A DAS => ID = IS = DS = a. sfl 
Goi II - AC'nDI 

=> SI I la dirtmg cao cua tam giac deu SDI. 

OI , DI.V3 a.j6 

=> SH =-= - 

2 2 

=> Dien tich tam giac SDI la: 

S = — .SH.DI = - . — .a. 42 = 

2 2 2 2 

Bai 4: Cho hinh chop S.ABC. Biet tain giac ABC vuong a A; AB = a; BC = 2a; 

dic-m H thuoc canh AC; HC = - .CA; SH 1 (ABC); SH = ; hai diem 

3 3 


I, .1 Ian lircrt la trung diem cua canh BC. SA. 

1. Chung minh rang: cac mdt cua hinh chop S.ABC la nhung tam giac vuong. 

2. Dung va tinh dien tich thiet dien cua hinhehop S.ABC cat bdi mat 
phang (P). Biet: 

a. Mat phang (P) di qua diem H va (P) 1 Al 

b. Mat phang (P) qua BJ va (P) 1 (SHI) 

c. Mat phang (P) di qua diem I va (P) 1 BC. 

3. Dung va tinh dien tich thiet dien cua hinhehop S.ABC cat bdi mat 
phang (P). Biet: mat phang (P) qua trung diem K cua doan thang SH; 
(P) song song SA va BC. 
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Giai 


1. Ta co tarn giac ABC vuong a A 

=> AC 2 = BC 2 - AB 2 = 4a 2 - a 2 = 3a 2 



=> SC 2 = SH 2 + HC 2 = ) 2 = a 2 . 

3 3 


=>CS = a 


Ta co tam giac BUS vuong a H 

=> SB 2 = SI I 2 + HB 2 = SH 2 + (AB 2 + All 2 ) 


( 3 

3 


) 2 + a 2 + ( 


2a 73 
3 


) 



=> SB = a 75 . 

Vay: SB 2 + SC 2 = 3a 2 + a 2 = 4a 2 ; BC 2 = 4a 2 
=> SB 2 + SC 2 = BC 2 => A SBC vuong a S. 

SA 2 + SC 2 = 2a 2 + a 2 - 3a 2 ; AC 2 = 3a 2 
=> SA 2 + SC 2 = AC 2 => A SAC vuong dr S. 

SA 2 + AB 2 = 2a 2 + a 2 - 3a 2 ; SB 2 = 3a 2 
=> SA 2 + AB 2 = SB 2 => A SAB vuong a A 
Mat khac theo de ra ta co A ABC vuong 6 A 

Do do cac mat cua hinh chop S.ABC la nhung tam giac vuong (dpcm). 
2. a. Tam giac SBC vuong a S co I la trung diem canh BC nen ta co: 


2 

=> CS = CI = SI => ASICdau. 


A ABC vuong a A co I la trung diem canh BC nen ta co A1 


BC 


= a 
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A AIII vuong a I => AI 1 HI (1) 

Mat khac taco: SH l(ABC); AI c(ABC) 

=? AI 1 SH (2) 

Tir (1) va (2) suy ra : AI 1 (SHI) (a) 

Mat phang (P) di qua diem H va (P) 1 AI (b) 

Tu (a) va (b) suy ra : (P) s (SHI). 

Khi do thiet dien cua hinh chop S.ABC cat bcri mat phang (P) la tarn giac SHI. 
* Dien ti'ch thret dien SHI. la: 


S tsl „ = i.SI.Hl 

_ 1 u .\/6 a .\] 3 
2 ' 3 _ " 

_ a 2 .yf2 

b. * It phang (P) qua BJ 
va (P)l (SHI). 

Taco AI 1 (SHI) 

=>(SAI) 1 (SHI). 

Mit khac taco: (SAI) n(SHI) = SI.;J e (SAI) 

Goi M la hinh chieu vuong goc cua J tren SI. 

=>JM1 SI=> JM 1 (SHI) (c). 

Taco J e (P); (P) _L(SHI) (d). 

Tu(c) va (d) suy ra: Me (P) 

Vay (P) s (BJM) 

Gci P la giao diem cua BM va CS 

=> Thiet dien cua hinh chop S.ABC cat bdi mat phang (P) la tarn giac BJP. 
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* Tinh dien tick thiet dien BJM. 
Goi E la hinh chieu vuong goc 
cua P tren dircmg thang BJ 
=> Dien tich thicl dien BJP la: 


S 


A BJP 
*> 


— .BJ. PE (* 

i 


BJ* = AJ" + AB^ 

SA -> 6a' 

= ( T’ +a " = T 


=> BJ 


a .\/6 



+ Ta co CS 1 SB; CS 1 SA 
=> CS _L (SAB) 

Ta co SE c (SAB) 

=> CS 1 SE PS 1 SE 
=> PE 2 = SE 2 + SP 2 (I) 

Goi A' la hinh chieu vuong goc A tren dircrng thang BJ 
=> A AA'J = A SEJ (g.c.g) => SE = A'A 


Mat khac ta co: A ABJ vuong tai A co dirong cao AA' nen AA’= - 


AB.AJ 


BJ 


AA’ : 


AB.AJ 


a. 


iM 


=> AA'= 


n/aB 2 +AJ 2 

a.N/3 


I 2 ,a.V2 o 
V +< 2 » 


SE = 5^(11) 


3 3 

Xet tam giac SB1 

Ta co JM 1 (SHI); AI 1 (SHI); J gAI => JM // AI 
Mat khac ta co: J la trung diem cua canh SA nen M la trung .diem cua 
canh SI 

=> tam giac SB1 co durong trung tuyen BM 

_ 7a 2 

4 4 


„ W 2 BI 2 +BS 2 SI 2 a 2 + 3a 2 a ; 
BM =-=- 


=> BM = 


.V7 
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Goi I la trung diem cua dean thang 1C 

BM m 3 

BP 1C 4 3 3 

f 1 at khac ta co: tarn giac BSP vuong tai S 


BP- 4 BM 


=> SI >: BP' SIT ( —— ; 7 r - 3a 
hay (II); (III) vao (I) ta dirge: 

• a ' - 4a ' -s PP - 

9 c; O 


9 


.cl 


SP - - (HI) 

3 


Do do lit (*) la co: S. RiP r:: .BJ. PI: = 

aDJi o 0 0 

c. Mat phang (P) di qua diem I va (P) 1 BC. 
a.V3 


1 u.J 6 2 .a a 2 .J (.> 


6 


Ta co Hi = 


i 1C AIHC can tai 1 i => I i F1 BC 


Mat khac ta co: SH ±BC=> BC 1 (SI 
Mat phang (P) di qua diem i va (P) //(SHF) 

- Taco (ABC) n(SHF) = HF; (ABC) n(P) = It It HF. 

Goi R = It nAC => IR// FH 

Mat khac ta co: F la trung diem cua doan thang IC =>H la trung di£m 
cua doan thang RC. 

=> R la trung diem cua doan thing AH (vi CH = ~ CA) 

+ Ta co (SAC) n (SHF) = SH; (SAC) n (P) = Rx Rx // SI 1 

=> Rx cSt SA tai trung diem cua 
doan thing SA. 

+ Taco (SBC) n(SHF) = SF; 

(SBC) n (P) = Im 

=> 1m // SF 

Goi Q = Im n SB. 

Khi do JQ = (P) n(SAB). 

=> Thiet dien cua 
hinh chop S.ABC cit 
beri mit phang (P) la tu 
giac IRJQ 




Dien ti'ch cua thiet dien IRJQ la: 

^IRJQ = ^AIRJ + Sa.IQI 
(voi S A | RJ la dien ti'ch cua tam giac IRJ) 

Mat khac ta co JR // SH; R1 // HF; SH 1 HF. 


=> JR 1 R1 


S A1R , = i JR.RI 


Ta co R; J lan lirot la trung diem cua doan thang AH; SA 
2 6 


Ta co RI = 2HF = 2 7SF 2 -SH 2 


= 2 


i 


3a 2 a.V6 2 _ a.73 

M ' A ^ A 


/ •' oir’* cr V3 BC V3 V3 

(vi tam giac SIC deu nen SF = IC. — = — . — = a. —) 

= I a.73 _ a 2 .72 

^ A,RJ 2 6 3 12 

Ta co (P) 1 BC; JQ c (P) => BC 1 JQ. 

Mat khac ta co: CS 1 (SAB); JQ c (P) => CS 1 JQ. 

Do do JQ _L (SBC) 

Ta co IQ c (SBC) => JQ 1 IQ. 

Mat khac ta co: QI //SF => ^ = — = - 

SF BF 3 


=> QI = SF.— = a. 
3 


y/3_ 2 

2 '3 


RI 

3 


Hai tam giac vuong IRJ; IQJ co JI canh chung; QI = RI 
=> A IRJ = A IQJ => S AIRJ = S AJ q, 

^ ^IRJQ = ^AIRJ + ^AJQ[ 



a 2 .72 

12 


a 2 .72 
6 
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3. Dyng va tinh dien tich thiet dien cua hinhchop S.ABC cat bcri mat phang 
(P). Biet: mat phang (P) qua trung diem K cua doan thang SH; (P) song 
song SA va BC. 

+ Tac6K e(P); (P)//SA; SA c (SAC): (SAC) n (P) = Kx 


=> Kx // SA 

Gei M= Kx n AC; N = Kxn CS. 
=> MN // SA. 

+ Taco(P)//BC; BC c (ABC); 
(ABC) n (P) = Mm; 

BC c (SBC); 

(SBC) n (P) = Ny. 

35 Mm //BC; Ny //BC. 

Gci L = Mm n AB; G = Ny n SC 
ML // BC; NG // BC; 

LG = (SAB) n (P) 

35 LG // SA (vi SA // (P); 

SA c (ABS). 


s 



=5 Thiet dien cua hinh chop S.ABCD cat bcri mat phang (P) la tu giac 
MNCL. 


Mat khac ta co: 

ML // BC; NG // BC =5 ML // NG 
LG // SA; MN // SA =5 LG // MN 
Do do thiSt dien can tim la hinh binh hanh MNGL 
* Tinh diqn tich cua thiet di$n MNGL 
Den tich cua thiet dien MNGL la: 

S M ngi = MN.NG.sinMNG 

Trong mat phang (SAC) dung hinh 
binh hanh ASCC’. Khi do ta co: 


MNG = C'CB 


Ttco SA ICS; AC' //CS 
=> SA 1 AC’ 

IVat khac ta co: SA 1 AB (vi tarn giac SAB vuong tai A) 
=> SA J_ (ABC'). 
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TacoC'C' //SA 
=> C'C-L(ABC'). 

=> C'Cl C'B 

l am giac BC'C vuong tai C’. 
CC SA 


=>cosCCB = 


CB CB 
a.72 72 


2 a 




=> CCB = 45 


(i 


=> S MNca =MN.NG.sin45 
Ta co MN // SA 
MN CM 


c o 




SA C'A 



=> MN = SA. 


CM 

CA 


Mat khac ta co- 

SAC + SCA = 90* = KMH + MKH . 
Ma SAC' = KMH 
=> SCA = MKH 

=> ASHC; AMHK dong dang vdi nhau. 
SH 

MH HK _ 2 


SH HC HC 

sfl a.V3 


7| 

2 


=> MH = SH. 

=0 MC =2.HC = 


2 3 

2a.V3 


HC 


MN = SA. 


CM 


= a 72 . 


2a.73 

3 _ 2a.72 


CA a.73 

Ta co NG = ML; ML //BC 
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- 2 '±^1 2a x/2 _ 4a ~ 

3 ' 3 ' 2 9 

7. Bai loan 7: Xac djnh got giira hai mat phang; cac loai khoang each 
*Chuy: 

a. Goc giua diremg thang a va mat phang (>') (a khdng vuong goc vori (P)) 
la go: giua dirdng thang a va hinh chieu vuong goc ciia a tren (P)) 

h. Goc giua hai mat phang la goc giua hai duerng thang lan iirpt vuong 
goc \6i hai mat phang do. 

*Phwo r ngphap: Xac djnh goc giura hai mat phang (P); (Q). 

Pnrangphap /: dung dinh nghia 
+ Xac djnh a _L(P), b ±(Q). 

■+ Tinh goc giua goc giua hai duerng thang a: b. 

+ Ket loan: Goc vira tinh la goc giua hai mat phang (P); (Q). 
phmmg phap 2: 

((P); (Q) song song hoac triing nhau ta co goc giua hai mat phang (P); (Q) 

ban{. 0°- I rang phuemg phap nay ta chi xet hai mat phang (P); (Q) cat nhau). 

+ Tim mat phang (R) 1 d = (P) n (Q). 

. fd,=(P)n(R) 

+ Xac dinh cac giao tuyen 

' ld,=(Q)n(R) 

+ Xac dinh goc giua dg d 2 

+ Ket luan: Goc vira tinh la goc giua hai mat phang (P); (Q). 
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Phuang phdp 3 : 

+ Goi S la dien ti'ch cua mot da giac trong mat phang (P); S‘ la dien tich 
cua hinh chieu cua-da giac do tren mat phang (Q). Ta co S’ = S.cosr/? (*), trong 
do cp la goc giira hai mat phang (P); (Q). 

+ Dua vao cong thuc (*) de tinh cos^> roi suy ra goc <p 
+ Ket luan <p la goc giira hai mat phang (P); (Q). 

*Phiromg phdp: Xac djnh khoang each (khoang each tir myt diem den 

mQt diremg thang; khoang each tir m$t diem den mpt mat phang; khoang 

•* 

each giira mpt dutmg thang va mot mat phang song song, gifi-a hai mat 
phang song song; khoang each giira hai diremg thing cheo nhau) 

a. Phuang phdp: Tim khoang each tir diem M den dirdng thang A 
+ Tim hinh chieu vuong goc H cua M tren duemg thing A. 

+ Ket luan: d(M; A) = MH 

h. Phucmg phdp: Tim khoang each tic diem M den mat phang (P) 

Phiarng phdp l: 

+ Tim mat phang (Q) chua diem M; (Q) 1 (P); d = (P) n (0). 

+ Tim hinh chieu vuong goc H cua M tren duang thing d. Khi do 
MH ±(P); H g (P). 

+ Kit luan: d(M; (P)) = MH 
Phuimg phdp 2: 

+ Tim a chua M; A va a // (P) 

+ Tinh khoang each tir A den mat phing (P) 

+ Ket luan d(M; (P)) = d(A; (P)) 

- Khoang each giira mot dudng thang a va mat phing (P) song song 
vdi a bing khoang each tir mpt diem M bat ki thuoc a den mat phang (P). 

- Khoang each giua hai mat phing mat phing song song bing 
khoang each tir mot diem M bat ki thuoc mat phing nay den mat phang kia. 

c. Phiarng phdp: Tim khoang each giira hai duang thang cheo nhau a: h 
Phuang phdp I: ( khi a 1 b) 

+ Xac djnh mat phang a chira b va a 
+ Xac djnh giao diem A cua a va 
a ; tim hinh chieu vuong goc H cua A 
tren b. Khi do doan AH la doan vuong 
goc chung cua a; b. 

+ Ket luan AH = d(a; b). 
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Phire mg phcip 2: 

+ Tim khoang each giira duong thang a va mat phang (P) (mat phang 
(P) eh era dtrdng thang b va (I’) // a). 

• Ret luan khoang each vira tim la khoang each gifra hai duong thang a; b 

Phiarng phcip 3: 

+ Tim khoang each gifra hai mat phang song song lan lucrt ehfra hai 
duong thang a; b 

+ Ret luan khoang each vira tim la khoang each giura hai duong thang a; b 

I’hwmg phcip 4 : 

+ Xac djnh doan vuong goc chung cua a;b. 

+ Tinh do dai doan vuong goc chung cua a;b. 

+ Ret luan do dai vira tim la khoang each giira hai dircrng thang a; b. 

*Lu - u y: Dung doan vuong gck chung cua hai duemg thang cheo nhau a; b. 

Phircmgphcip 1: (Ap dung cho trirdng hop dac biet a T b). 

Xac dinh mat phang a chira b va a 1 a. 

+ Xac djnh giao diem A cua a va nr; tim hinh chieu vuong goc H cua 
A tren b. 

+ Ket luan: doan AH la doan vuong gck chung cua a;b. 

Phuonp phcip 2: 

+ Dung mat phang a vuong 
gck vcVi dircrng thang a tai A. 

+ Xac dinh hinh chieu vuong 
goc b" cua b tren mat phSng a 

+ Xac dinh hinh chieu vuong 
gck 11 cua A tren b\ 

+ Xac djnh diem I tren duong 
thang b cb hinh chieu vuong gck tren 
b' la diem H (1H // a) 

+ Trong mat phang xac dinh hai duong thang song song 1H; a dung 
duong thang song song AH, duong thang nay cat a tai J. 

+ Ket luan: Doan thang IJ la doan vuong goc chung cua a; b. (Ta co Jl = AH) 
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I'/ tin: 


Bai 1: Cho hinh chop S.ABC; AB - a; SA l(ABC); SA = a; tain giac ABC 
vuong can tai B. 

1. Tinh khoang each tir A don mat phang (SBC). 

2. Xac dinh gee gitra dirong thang SB va mat phang (SAC). 

Giai 

1. l a co SA 1 (ABC) 

=> SA 1 BC 

Mat khac ta co: AB ± BC 
=> BC l(ABS) 

=>(SBC) l(ABS) 

Ta co SB = (SBC) n (ABS). 

Goi H la hinh chieu vuong 
goc cua A tren SB 
=> AH IBS 

=> AH 1 (SBC) h’ 

=> d(A; (SBC)) = AH. 

* Tinh khoang each d(A; (SBC)) tir A den mat phang (SBC). 

Ta co: 

d(A; (SBC)) = AH= ~ 



(vi tarn giac SAB vuong can tai A) 

Chu y: Co the tinh khoang each tir A den mat phang (SBC) barg cac 
each sau: 


a. d(A; (SBC)) = AH 


SA.AB 

SB 


SA.AB 

Vsa 2 + ab 2 


b. d(A; (SBC)) = AH vai AH dugc xac djnh bcri dang thirc: 

J_ = _1_ J_ 

AH 2 ” AS 2 + AE J 

2. Xac djnh goc giCra duong thang SB va mat phang (SAC). 
TacoSA -L(ABC) => (SAC) _L (ABC) 

Taco AC = (SAC)n(ABC). 

Goi K la hinh chieu vuong goc cua B tren AC. 
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-o BK i AC -=> RK _L(SAC) 

- > SK la hinh chieu vuong goc cua SB trcn mat phang (SAC). 

Va\ goc BSk (p la goc giira ciirang thang SB va mat phang (SAC). 


I a co tan </> 


BK 

SK 


Ma. khac ta c6: tain giac ABC vuong can tai B nen K la trung diem cua 
canh AC 


-VKB 


AC 


a.v2 


- AK 


la :o SK 2 - SA 2 + AK 2 







? 


a.4l 

=i> tan ^ = —C = - 7 = => (P ~ 30° 
a.V6 v3 


Bai 2: Che hinh chop S.ABCD co SA 1 (ABCD); tir giac A BCD la hinh 
vuong canh a; SA = h. Dung va tinh do dai doan vuong goc chung cua cac 
cap diong thang: 

1. SB va CD 

2. CS va BD 
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2. Ta co 


SA 1 BD 
AC 1 BD 


=> BD1 (SAC) 

Goi O la giao diem cua AC va BD. Goi H la hinh chieu vuong goc cua O 
tren CS. 

=> OH1 CS 

Mat khac ta co: BD1 (SAC); OH c (SAC) 

=> OH 1 BD 


=> Doan thang OH la doan vuong goc chung cua CS va BD 
+ Do dai doan OH la do dai doan vuong goc chung cua CS va BD 
Ta co tarn giac OHC dong dang vcri tam giac SAC. 


OH _ SA 
^ OC SC 



Mat khac ta co: 


CS 2 = SA 2 + AC 2 = h 2 + (ax/2 ) 2 = h 2 + 2a 2 ; OC = 



) 


=> 011 = OC. 


SA 

SC 




SA 1 BA 

3. Ta co => BA1 (SAD) 

ADI BA 

Ta co SD la hinh chieu vuong goc cua CS tren mat ph&ng (SAD). Goi K 
la hinh chieu vuong goc cua A tren dudng thang SD; trong mitt phang 
(SCD) ke KE // CD (E thuoc CS); trong mat phang (BAKE) ke EE H <A (F 
thuoc AB). 

Ta co BAX (SAD); KA c (SAD) 

=> BAX KA 
Ma KA // FE 
=> BAX FE . 

Taco CD X (SAD); KA c (SAD) 

=> CDX KA 

Ma KA // FE => CDX FE. 

Vay doan th&ng FE la doan vuong goc chung cua BA va CS 
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ha 


t- Ta co FE = KA = 


SA.AD 

SD 


SA.AD 
VSA 2 + AD 2 \Jh : + a 2 


t - Chu y: co the tinh KA tir dang thuc: -- = —- +-- 

b AK’ AS 2 AD 2 

Bai 3: Cho tu dien OABC co OA; OB; OC doi mot vuong goc voi nhau va 
OA = a ; OA = OB = OC. Goi I la tmng diem cua canh BC. Dung va tinh 
do dat doan vuong goc chung cua: 

1. OA va BC 

2. AI va OC 


fOAlOB 
Taco < 

(OA 1 OC 

=> OA J.(OBC) 

M.tt khac ta co: 01 c(OBC) 
^ OA 1 01 


la co tarn gtac OBC vi 
can tai O; I la trung diem 
canh BC. 

=? 011 BC 


Vay ta co l 


Ol J.OA 
01 1 BC 


Giai 

A 



=; Doan th3ng 01 la doan vuong goc chung cua OA va BC. 

Do dai doan 01 la do dai doan vuong goc chung cua OA va BC. 


Te co 01 


BC 


2. Taco 


OB IOC 
OA 1 OC 


a y/2 

~Y 

=> OC 1 (OBA) 


Goi K la trung diem cua canh OB => IK // OC => IK 1 (OBA) 

KA la hinh chieu vuong goc cita AI tren mat phang (OBA). Gpi H la 
hinh chieu vuong goc cua O tren KA. Trong mat phang (AIK) dung duong 
thing HE // KI (E thupc AI). Trong m£t phing (OCH) dyng duong thing 
EE //OH (F thuoc OC). 
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Ta co OH 1 KA => OH _L AI (dinh H ba duong vuong goc) 

Ma OH // FE => FE i AI(1) 

Taco OC l(OBA); OH c (OBA) 

=> OC _LKA =>OC 1 OH 
Ma OH // FE =>OCi FE(2) 

Tu (1) va (2) ta co doan thing FE la doan vuong goc chung cua OC va Al 
Dp dai doan FE la do dai doan vuong goc chung cua OC va Al 


Ta co FE = OH = 


OA.OK 


OA.OK 


a. 




AK \JoA 7 +OK 2 


2 & 
la + — 


Bai 4: Cho hinh chop S.ABC. Biet tam giac ABC vuong a A; AB = a; 

r- 

BC = 2a; diim H thupc canh AC; HC = ^ .CA; SH 1 (ABC); SH = ; 

hai diem I, J lan linjrt la trung diem cua cpih BC, SA. 

1. Chung minh rang: do^n thing JI la do^n vuong goc chung cua BC; SA 

2. Tinh dp dai doan thing JI. 

Giai 

1. Ta co tam giac ABC vuong a A va I la trung diem canh BC 

A . BC 

=>A1 =- = a va: S 



Ta co tam giac BHS vuong a H 
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SB 2 = SH 2 + HB 2 = SH 2 + (AB 2 + AH 2 ) 



C 


=> tam giac AIJ can tai I 
Ta co J la trung diem canh SA 
Dodo IJ _L SA (1) 

'ab-sc 
1 

Taco A ABJ = ASCJ (vi 


) => BJ = CJ 


AJ=SJ 

ABJ = 90° = CSJ 

Mat khac ta co: I la trung diem canh BC. Do do JI _L BC (2) 

Tu (1) va (2) suy ra : doan thang Jl la doan vuong goc chung cua SA va BC. 
2. Tinh do dai doan thang JI 

Goi R lan lirgt la trung diem cua doan thang AH 

o JR = ~ SH = ( V1 J la trung diem cua doan thang SA) 

va H la trung diem cua doan thang RC (vl HC = ^ .CA) 


2 _ 


lTS 


G<>i F la trung diem cua doan thang 1C 

=3 RI = 2HF = 2 7SF 2 -SH 2 =2 

, , t _ 73 BC 73 73 . 

(vi tam giac SIC aeu nen SF = IC. — = — . — = a. —) 

2 ^ 2 


195 



Taco SH i (ABC); HF c (ABC)=>SH 1 HF 
Mat khac ta co: RJ // SH => RJ ± HF 
=> Tam giac RIJ vuong tai R 


=* J I 2 = JR 2 + RI 2 = 


a->/6 2 + , a.V3 2 = 
6 1 3 



JI 


a.Jl 

2 


Bai 5: Cho hinh chop S.ABCD co day ABCD la hinh vuong co cemh a. G^i 
O la giao diem cua AC va BD; SO J- (ABCD); SO = a. Tinh khoang each 
gi&a hai duoug thang cheo nhau CS va AB. 

Giai 


Ta co AB // CD; CD c (SCD) 

=> AB // (SCD). 

Mat khac ta co CS c (SCD). 

Do do khoang each can tim la khoang 
each giCra AB va mat phang (SCD) 

Gpi I; K Ian luat la trung diem cua 
canh AB; CD. 

=> IK 1 CD; O la trung diem cua 
doan thing IK. 

=>d(CS; AB) = d(AB; (SCD)) 

= d(I; (SCD)) 

= 2.d(0; (SCD)) (*) 

Mat khac ta co: CD 1 (SOK) 

=>(SCD)1 (SOK) 

Ta co SK = (SCD) n (SOK) 

Gpi H la hinh chieu vuong goc cua O tren SK 
=> OH 1 SK => OH 1 (SCD)=>d(0; (SCD)) =OH 
Vay tir (*) ta co khoang each can ti'nh la: 



d(CS; AB) = 2.OH = 2. 


OS.OK 


OS.OK 
I OS 2 + OK 2 
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Ba 6 : Cho hinh lap phircmg ABCD.A'B’C’D’ 

1. Churng minh rang: BC' vuong goc voi mat phang (A’B'C'D') 

2. Dung va tinh do dai doan vuong goc chung cua AB' va BC'. 


1. la co tu giac BB'C'C la hinh vuong nen ta co B’C JL BC' 

Mat khac taco: A’B’ l(BB’C’C) O' C 

=> A'B’ 1BC’ 

=> BC’ _L(A’B’CD) (dpcm) 

2. Ta co AD' // BC' 

=> BC' //(AB'D’) 

Mat khac ta co AB’ c (AB'D’) 

Gpi E; F lan luot la tarn cua hinh vuong 

APD’A’; BCC'B’. Goi H la hinh chi4u 
vumg goc cua F tren EB’. 

TacoFH c (A'B’CD) 

MaBC' l(A'B'CD) 

=> BC’ 1 FH. 

=> AD’ ± FH. 

Ma EB' 1 FH 



=> FH 1 (AB’D’) 

Gpi K la giao diem cua ducmg thjng d (d di qua H va d // BC’) va AB’ 
Fir K dimg KL // HF (L thuoc BC') 

V$y doan thSng KL la doan vuong goc chung cua AB’ va BC’. 

r ' i v rn FE.B’F a>/3 
Ta co LK = FH = —===== =- 

TE 2 + B'F 2 


B[tt dpc c6 thi gidi them cdc bdi sau: 

Bii 7: Cho hinh chop S.ABCD; 0 la giao diem cua AC va BD; SO 1 
(A3CD). Mat phang (P) qua dirong thang AB va (P) ±(SCD); goc giira mat 
pBng (P) va mat phang (ABCD) bang 30°. 

1. Biet ABCD la hinh vuong canh a. 

a. Tinh dp dai doan thang SO; SA. 

b. Tinh tan<p, voi <p la goc giira ducmg thang SA va mat phang (ABCD). 
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2. Xac dinh va ti'nh thiet dien cua hinh chop S.ABCD cat bcri mat phang 
(P). Biet ABCD la hinh thoi canh a va BAD = 60°. 

Bki 8: Cho hinh lang tru ABC.A’B’C’ co day la tarn giac deu canh a; A’A 
-L(ABC). Goc giOa BC’ va (ABB'A’) bang 30°. Goi M; N lan lirot la trung 
diem cua canh AC va BB'. 

1. Tinh do dai canh A’A. 

2. Tinh khoang each tir M den mat phang (BA'C') 

3. Tinh goc giua duong thing NM va mat phang (BA’C’). 
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Myc LUC 


ixfi noi dau.3 

VSn die I: PHEP DCJl HINH VA PHEP DONG DANG 

TRONG MAT PHANG 

A. CAN NH<3.5 

B CAC BAI TOAN DIEN HINH.10 

van lie II: DUCJNG ThAnG VA MAT PhAnG TRONG 
KHdNG GIAN; QUAN HE SONG SONG 

A. CAN NHO.65 

B CAC bAI TOAN DIEN HiNH.67 

van de III: VECTO TRONG KHONG GIAN 

QUAN H$ VUONG GOC TRONG KHdNG GIAN 

A. CAN NHO .124 

B. CAC bAi TOAN DIEN HlNH.130 
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